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Abstract 

The paper contains successive description of the strong-coupling perturbation theory. Formal realization of 
the idea is based on observation that the path-integrals measure for absorption part of amplitudes p is Diracian 
(8- like). New form of the perturbation theory achieved mapping the quantum dynamics in the space Wg of 
(action, angle) type collective variables. It is shown that the transformed perturbation theory contributions are 
accumulated on the boundary 8Wg, i.e. are sensible to the topology of factor space Wg and,therefore, to the theory 
symmetry group G. The abilities of our perturbation theory are illustrated by examples from quantum mechanics 
and field theory. Considering the Coulomb potential l/\x\ the total reduction of quantum degrees of freedom is 
demonstrated mapping the dynamics in the (angle, angular momentum, Runge-Lentz vector) space. To solve the 
(l+l)-dimensional sin-Gordon model the theory is considered in the space (coordinates, momenta) of solitons. It is 
shown the total reduction of quantum degrees of freedom and, in result, there is not multiple production of particles. 
This result we interpret as the S-matrix form of confinement. The scalar 0(4, 2)-invariant field theoretical model 
is quantized in the Wo = 0(4, 2)/0(4)xO(2) factor manifold. It is shown that the corresponding p is nontrivial 
because of the scale invariance breaking. 



1 Introduction. 

O 

\^ ' The mostly intriguing phenomena in modern particles physics is unobservability of color charge in a free state. The 

underling vector fields theory posses the conformal 0(4, 2) symmetry supported by the non-Abelian gauge symmetry. 
Absence of quantitative theory of the confinement leads to enormous number of speculations both in particles physics 
and in cosmology, e.g. Q|. To all appearance the theory of this phenomena may have influence on the ordinary 
statistics also. 

Solution of the problem of confinement rest on absence of workable perturbation theory. The mostly powerful 
WKB expansion (or the stationary phase method in the functional integral terms) is noneffective if the fields topology 
is nontrivial [|J since the dynamics of perturbations of such fields is rather complicated. Beside that, to describe the 
" renormalized vacuum of highly symmetrical modern systems, i.e. non-Abelian gauge fields, the infinite number of 

. order parameters may be essential to find elements of S'-matrixn. 
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• The main goal of this paper is to present the perturbation theory to handle discussed problem. Our perturbation 
theory is nothing new if the topology of interacting fields is trivial, but is extremely effective for nontrivial topology case. 
Actually we offer the successive approach to the strong-coupling perturbation theory. Few examples from quantum 
mechanics (the Coulomb problem is solved exactly) and ((l+l)-dimensional sin-Gordon, scalar 0(4, 2)- invariant) field 
theories will be examined to illustrate abilities of the approach. 
The aim of this review paper is to show 
(i) The origin of desired perturbation theory. 

Formally the approach based on the remark || that the path-integral representation just of observables is defined 
on the Dirac measure 

du(x)S(d 2 u + v'(u) - j), 
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There is many quantitative attempts to estimate the set of neei 
classical hadrons. The tctday situation in this field is described in 



;d polynomial over fields order parameters to describe the spectra of 
There is also an attempt to introduce highly nonlinear over fields 



order [M a] (or disorder g) parameter. See also M, where the phenomenological aspects of last one are discussed 
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where j (a;) is the random, defined on Gauss measure, source of quantum perturbations. We would show the mechanism 
of unitary, i.e. the total probability conserving, canonical mapping, see Sec. 5, of the functional measure on the factor 
space Wq — G/G, where G is the theory symmetry group and G is the symmetry of classical fields u c — u c (x; £, 77). In 
other words, we would like to describe the quantum dynamics in the space of field parameters (£, rf){t). For instance, see 
Sec. 9, Wg is the space of coordinates £ and momenta 77 of solitons. The coordinate transformations — > x'^ — X^(x) 
will be described also, see Sec. 6. In this case the field parameters would define the inner geometry of space with 
definite metrics, see also Sees. 6, 9. 

(ii) The structure of perturbation theory in the G/G space and as it can be applied. 

We want to warn that a reader may meet new for quantum theories phenomena in the developed strong-coupling 
perturbation theory^]. By the same reason some conclusion would be seem unusual. It will be shown, see Sees. 5, 7, 8, 9, 
that the quantum corrections of the transformed theory are accumulated on the boundaries (bifurcation manifolds 
) OWq of the factor space, i.e. are defined mainly by its topology. This and <5-likeness of measure for observables 
justify the title of the paper. 

The main quantitative consequence would be the observation that the quantum corrections may disappeared (totally 
or partly) on dWc- I.e., the problem of quantum corrections we reduce up to definition of intersection {du c } p| BWq 
of the defining interactions set {du c (£,,r])} with the boundary dWc- This is the new phenomena of reduction of the 
quantum corrections to the quasiclassical approximation; 

(iii) The range of validity of described approach. 

We would discuss the general form of generating functional of observables, see Sees. 2, 3, to eliminate doubts in gen- 
erality of the approach. This question seems important since we would formulate formalism in terms of observables. 
The Dirac measure of functional-integral representation of observables unambiguously defines the complete set of states 
of the interacting fields. This allows to construct the perturbation theory in arbitrary useful terms. But, performing 
transformation, it is impossible come back to the theory in terms of amplitudes since the transformation mixes various 
degrees of freedom and there is not factorization of p on the product of two amplitudes. We are obliged in result to 
deal with the observables, or theirs generating functional p. This was the reason why the question of generality of our 
approach was considered in Sees. 3, 4. 

• The paper is organized as follows. 

- Sec. 2. The overview of main ideas and results will be described qualitatively. We hope that this additional 
introductory section will help to read this large paper. 

- Sec. 3. The generating functional of observables p will be introduced. It will be shown that p can be used both 
for generation of observables in particles physics and for description of classical statistical media. 

- Sec. 4. The differential measure for p is derived and it is shown that the approach is applicable iff the theory is 
infrared stable. The Wigner functions formalism would by applied for this purpose. 

- Sec. 5. The main properties of new perturbation theory in the invariant subspace (factor manifold) would be 
shown considering simplest quantum-mechanical example. 

- Sec. 6. The main purpose of this section is to show that the transformed theory can not be deduced by naive 
transformation of integrands of initial path integral for amplitudes. This question is important searching the functional 
measure on the group manifold. 

- Sec. 7. We consider the Coulomb problem to show explicitly the role of additional reduction for quantum systems. 
This phenomena will be used describing the scalar 0(4, 2)-invariant field theory. 

- Sec. 8. The sin-Gordon model is simplest integrable field-theoretical models. By this reason this model will be 
considered to calculate p using the mapping on the invariant subspace. The explicit calculation leads to trivial p = 1, 
as the consequence of sin-Gordon solitons stability (or, in other words, of the sl(2, C) Kac-Moody algebra unbrokeness) 

- Sec. 9. The 0(4, 2) model will be considered to demonstrate explicitly the mapping of the 4-dimensional non- 
integrable field theory on the factor manifold. It will be shown that 0(4, 2) symmetry is broken up to 0(4)xO(2) 

3 The probably noncompleat description of today experience in this field will be given in Sec. 2. 
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symmetry. This phenomena of the scale invariance breaking gives the nontrivial p, in contrast to the sin-Gordon 
model. 

- Sec. 10. We observe the main details of the approach. 

For sake of convenience we extract through the text of this paper the main steps as the statements^. The cumber- 
some calculations are shifted in the Appendices. 



2 Introductory review. 

It seems useful, noting large volume of the paper, to give previously the qualitative review of its content. The quan- 
titative realizations, considering simplest characteristic examples, are given in subsequent sections. 

• As was underlined above, the particularity of the approach consist in direct calculation of the observables leaving 
behind calculation of amplitudes. By this reason the useful functional- integral representation for observables will be 
discussed, specially concentrating attention on the universality of this description. 

So, we will find the order parameters substitute natural for S'-matrix theory. The parameter T(q; u) directly 
connected with external particles energy, momentum, spin, polarization, charge, etc., and sensitive to symmetry 
properties of the interacting fields system will be introduced^. For sake of simplicity we will consider in this paper 
u(x) as the real scalar field. The generalization would be evident. 

In used (S'-matrix approach the expectation value of u) will define the asymptotic states density. So, the m- 
into n-particles transition (nonnormalized) probability p nm would have a symmetrical form in terms of T(q; u): 

Pnm(qi, -,q n ;q'i, -,q' m ) = 

n m 

<H\T(q k ;u)\ 2 l[\r( q ' k ; U )\ 2 > u . (2.1) 

k=l k=l 

Here q'(q) are the in(out)-going particles momenta and <> u means averaging over field u{x). 

By definition, / o 2rl ((z' 1 , q' 2 ', <?i, q n ) can be used as the generator of events modeling the accelerator experiments 
jnj [ft]]. For instance, 

tttE / P2n(qi,-,<in;qi,q2) = vtot(s), 

J { s ) n Js 

where a tot is the total cross section (J is the ordinary normalization factor). In this expression integrations are 
performed with constraint s = (q[ + q' 2 ) 2 ■ 

Beside that, the ordinary big partition function of statistical system can be expressed through 



E 



pnm(qi,-,qn;q'i,-,q' m )i ( 2 - 2 ) 

((3 t ,z t ;f3 f ,z f ) 



where p nm is defined by (2.1). The summation and integration are performed with constraints that the mean energy 
of particles in initial(final) state is l//3j(l//3/). So, 1//3 has the meaning of temperature and Zi(zf) is the activity for 
initial(final) state. We investigate in what conditions such description of statistics is rightful. It will be seen that the 
Bogolyubov's relaxation of correlations near equilibrium is the only condition JHJ . 

It will be shown that this definition of statistics has the right classical limit iff the theory is infrared stable, i.e. iff 
the 4-dimensional scale of quantum fluctuations L„ is much smaller then the scale of statistical ones L s . In this case 



4 Some of them are evident and the proof of others is given with a 'physical' level of strictness. 

5 Following trivial analogy with ferromagnetic may be useful. So, the external magnetic field p,, if p, is the magnetics order parameter, 
and the phase transition means that p, j£ 0. Offered T(q, u) has the same meaning as Ti.. 
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one can deduce from p nm the classical phase space (R, q) distribution. The Wigner-functions W(R, q) formalism JjjJ 
will be applied, see also |l3| to show the origin of L q << L s condition. The details one can find in Sec. 30. 

• . We will find that T(q; u) is the function of external particles momentum q and is the linear functional of u(x): 

J Ou(x) 

dxe iqx (d 2 + m 2 )u(x), q 2 = to 2 , (2.3) 

for the mass to field. Here S${u) is the free part of the action. This parameter presents the momentum distribution of 
the interacting field u(x) on the remote hypersurface if u(x) is the regular function. Note, the operator (d 2 + to 2 ) 
cancels the mass-shell st ates of u(x). 



Note, the definition (24) is rightful, i.e. q is the external particles momentum and the condition q = to is hold, 
iff the theory is infrared stable. It should be underlined, see Sec. 4, that this condition is 'seen' if the (R, q) distribution 
in the classical limit i s co nsidered. 

The construction ( |2.3| ) means, because of the Klein-Gordon operator and the external states should be mass-shell 
by definition fll5fl , the solution p nm = is possible for particular topology (compactness and analytic properties) of 
quantum field u{x). So, T(q;u) carry following remarkable properties: 

-it directly defines the observables, 

-is defined by the topology of u(x), 

-is the linear functional of the actions symmetry group element u(x). 



Note, the space-time topology of u{x,t) becomes important calculating integral (2.3) by parts. This procedure is 
available iff u(x,t) is the regular function. But the quantum fields are always singular since Green functions are the 
distributions (see Sec. 8). Therefore, the solution T(q; u) = is valid iff the quasiclassical approximation is exact. Just 
this situation is realized in the soliton sector of sin-Gordon model. 



• It is evident that if p nm = 0, n, to ^ 0, the field u{x) is confined since is not measurable as the external field. This 
is the 5-matrix interpretation of the 'confinement' phenomena. Just this formulation of the confinement we would like 
to develop in future. Note, p nm ^ testify not only the broken symmetry but this expectation value is not zero in 
absence of any symmetry also. 

Despite this ambiguity T(q; u) carry the definite properties of the order parameter since the opposite solution 
Pnm = can be the dynamical display of an unbroken symmetry only]], i.e. of the nontrivial topology of interacting 
fields, as the consequence of unbroken symmetry. 

Note 'sparingness' of the S'-matrix description. The external states of the 5-matrix approach should be expandable 
on the Fock basis and belong to the mass shell. So, we can ask only - 'is this particle (or multiparticle state), with 
given properties, observable in the free state'. We hope to construct the perturbation theory which is able to give the 
answer on this question unambiguously for arbitrary Lagrangian in arbitrary space-time dimension. 



• Our hope based on the particularity of offered below quantization method. It consist in introduction of the 
unitarity condition in the path- integral formalism || . It will be seen that the dynamical display of unitarity condition 
is the local equilibrium of all forces in the quantum system. In other words, the total probability conservation 
principle is the quantum analogy of the classical D'Alcmbert's variational principle fl6|| . This dynamical scheme 

6 There is also the 'marginal distribution functions' formalism as the attempt o f un iversal description both quantum and statistical 
systems. It will be seen that the Wigner-functions approach is natural for S-matrix [ ]13fl and gives the evident physical interpretation of 
transition from quantum to classical physics. 

7 The ff-matri x wo uld be introduced phenomcnologically, postulating the ordinary Lehmann-Symanzik-Zimmermann (LSZ) reduction 
formulae, see eq.(3.2). So, the formal constraints, e.g. the Haag theorem, would not be taken into account. 
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seems interesting if one remained above mentioned problem with description of modern systems vacuum, it allows to 
perform calculations without going into details of the renormalized vacuum structure. 

So, it will be shown (see also that the unitarity condition leads to <5-likeP] functional measure DM{u) for p nm : 

DM(u) = J] du{x)5 - j[x)\ , (2.4) 

where j(x) is the provoking quantum excitations force and S(u) is the classical action. It is evident that this measure 
close logically the formalism since it defines a complete set of contributions for given classical Lagrangian in the sector 
of real-time fields. 

One should assume that j(x) switched on adiabatically (in this case we expand contributions in the vicinity of j = 0) 
for effective use of this definition of measure. Otherwise we should know j(x) exactly, including it into Lagrangian as 
the external field. The measure would remain <5-like in last case also. Note, j(x) can be introduced adiabatically even 
if the dynamical symmetry breaking is expected p0| . 



So, the measure (2.4) allows to conclude that the sum of all (including trivial), strict, regular, real-time solutions 
of the classical equation pi| 

5S(u) , , 

ft^H' (2 ' 5) 

defines the complete set of contributions. 

Note, eq.(|]^) reflects the ordinary Hamilton variational principle if the quantum perturbations switched on adia- 
batically. We would show therefore that the WKB expansion is in agreement with unitarity condition. It is the well 



known result. But the measure (2.4) contains following new information: 



a. Only strict solutions of eq.(2.5) should be taken into account. This 'rigidness' of the formalism means absence 
of pseudo-solutions (similar to multi-instanton, or multi-kink) contribution. 

b. Pnm is described by the sum of all solutions of eq.( |2.5| ), independently from theirs 'nearness' in the functional 
space; 

c. p nm did not contain the interference terms from various topologically nonequivalent contributions. This displays 
the orthogonality of corresponding Hilbert spaces; 



d. The measure (2.4) includes j(x) as the external source. Its fluctuation disturb the solutions of eq.( |2.5| ) and vice 
versa since the measure (2.4) is strict; 



e. In the frame of above adiabaticity condition the field disturbed by j{x) belongs to the same manifold (topology 
class) as the classical field defined by ( ^T^ ) 

One must underline that the measure (^J) is derived for real — time processes only, i.e. is not valid for tunneling 
ones. By this reason above conclusions should be taken carefully. The corresponding selection rule will be given below 
in Sec. 5. 

Note, the 5-likeness of measure essential to find eq.( |2.3| ). This will be shown in Sec. 4. 

Note also that some information is lost calculating probabilities only. We will show as the approach can be gen- 
eralized to calculate the imaginary part of the elastic scattering amplitudes. Then, using dispersion relation one can 
restore the total amplitudes. 

• We start discussion of the approach, risking to loose generality, by simplest quantum-mechanical examples of 
particle motion in the potential hole v{x) with one non-degenerate minimum at x = 0. We will calculate the probability 
p = p{E) to find the bound state with energy E. 

8 In the mathematical literature such measure is known as the 'Dirac measure'. 

^Thej^ are in modern physics the remarkable attempts to cons truc t a geometrical approach to quantum mechanics ^] and field 



theory |19[. Our approach, based on the dynamical equilibrium, see ( 2.4 ), between classical and quantum forces, contains evident geometrical 



interpretation and it will be widely used, see below. Note, our interpretation have deal with the classical phase-space flows. By this reason, 
in contrast with above mentioned approaches, the finite dimensional manifolds only, as in classical mechanics, would arise. 
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It will be seen that this experience is useful for quantization of nonlinear waves also. Indeed, introducing the 
convenient variables (collective coordinates) one can reduce the quantum soliton-like excitations problem to quantum- 
mechanical one. This idea was considered previously by many authors, e.g. pl[ p2| . 

Quantitatively the problem looks as follows. It is not difficult to describe the one-particles dynamics in the 
quasiclassical approximation since corresponding equation for trajectory x c always can be solved. But, beyond this 
approximation, to use the ordinary WKB expansion of path integrals, one should solve the equation for Green function 
G(M'): 

(d 2 + v"(x c )) t G(t,t')=S(t-t'). (2.6) 



Just eq.(2.6) offers a difficulty: it is impossible to find an exact solution of this equation since x c — x c (t) is the 
non-trivial function and, therefore, G(t, t') is not translationally invariant describing propagation of a 'particle' in the 
time — dependent potential u"(a; c )R. We avoid this difficulty introducing the convenient dynamical variables. 

The main formal difficulty, see e.g. [p3| , of this program consisting in transformation of the path-integral measure 
was solved in [|g|p|: the phase space path-integrals differential measure DM(x,p) for p has the form (see (2.4)): 



where the Hamiltonian 



DM(x,p) ~ Y[dx(t)d P (t)5(x + ^)S(p - -^), (2.7) 
Hj = ^p 2 + v(x) - jx 

includes the energy of quantum fluctuations jx, with the provoking quantum excitations force j — j(t). Then the 
dynamical equilibrium between ordinary mechanical forces (kinetic p(t) plus potential v'(x)) and quantum force (j(t)) 



determined by <5-like measure (2.7) allows to perform an arbitrary transformation of quantum measure caused by 
transformation of classical forces, i.e. of x and p (see d.). 

We will use this property introducing the 'motion' on the cotangent bundle T*G — (9, h), where h is the bundles 
parameter and 9 is the coordinate on it. For definiteness, let h be the conserved on the classical trajectory energy 
and 9 is the conjugate to h 'time'. (The transformation to action-angle variables will be described also.) The mapping 
(x,p) — > (9, h) is canonical and the corresponding equations of motion on the cotangent bundle should have the form: 

• dhj .dx c (9,h) 
W = +J 89 ' 

where 

hj(9,h) = h-jx c (6,h) 

is the transformed Hamiltonian and x c (8, h) is the classical trajectory in the (9, h) terms. The Green function of the 
cq.( |2.8| ) g(t,t') is translationally invariant since classically (at j = 0) the cotangent bundle is the time-independent 
manifold. 

Above example shows that the mapping is constructive iff the bundle parameters are generators of (sub)group 
violated by x c . Corresponding phase space is the invariant subspace |2f| (see also footnote 8). 

1(> One can find G(t,t') perturbatively, expanding v"(x c ) over x c . However, it is too hard to handle the resulting double-parametric 
perturbation theory. 

11 Number of problems of quantum mechanics was solved using also the 'time sliced' method |E3| . This approach presents the path integral 
as the finite product of well defined ordinary integrals and, therefore, allows perform arbitrary space and space-time transformations. But 
transformed 'effective' Lagrangian gains additional term ~ h 2 . Last one crucially depends from the way as the 'slicing' was performed. 
This phenomena considerably complicate calculations and the general solution of this problem is unknown for us. It is evident that this 
method is effective if the quantum corrections ~ h play no role. Such models are well known. For instance, the Coulomb model in quantum 
mechanics, the sine-Gordon model in field theory, where the bound-state energies are exactly quasiclassical. 
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For some problems the mapping on the curved space with nontrivial metric tensor g^ l/ (x) is useful, see, e.g., p6fl . 
We will find the quantum mechanical Dirac measure directly in the curved space with nontrivial g^^x). 

We examine the factorizability of transformed measure for p considering transformation of the Dirac measure to 
cylindrical coordinates. We will consider the general coordinate transformation x^ — » x'^ — X^(y) starting from flat 
space, where the metric tensor g^ v is trivial. The Dirac measure for theory with Lagrangian 

L = \g^(y)rr -v(y), (2.9) 

where gy,v{y) is the nontrivial function is calculated also in Sec. 6. 



It will be shown that the procedure of averaging <> u in (2.1) carried out by the integro-differential operator 



Q = e -iK(j,e) DM(x)e- tU{x ' e) . (2.10) 



It should be underlined that this representation is strict and is valid for arbitrary Lagrange theory of arbitrary 
dimensions. It can be considered also as the 'unitary definition' of the functional integral. 

The operator O contains three element. The Dirac measure DM, the functional U(x, e) and the operator K(j, e). 
The functional U(x, e) = 0(e 3 ) describes interaction and is simply calculable from S(x). The operator K(j, e) contains 
the product j ■ e of the functional derivatives over j and e, i.e. is Gaussian. The expansion over K gives perturbation 
series. At the very end of calculations one should take the auxiliary variables j, e equal to zero. Note, the structure of 
operator O is form- invariant concerning transformation of variables (x in the configuration space, (x,p) in the phase 
space). 



The perturbation theory with measure (2.7) on the cotangent bundles has unusual properties |27j, f28j and few 



proposition concerning perturbation theory in the invariant subspaces will be offered. 

The main of them is possibility to split the 'Lagrange' source j(t) — > jw G > see (2-8), onto set of sources of each 
independent degree of freedom of the invariant subspace. For instance, the splitting 

m^(Mt),h(t)) (2.ii) 

will be demonstrated. By this way the actually Hamilton's description is achieved in the invariant subspace. Note, 



the transformation (2.11) induce 

e(t) -» (e e (t),e h {t)) (2.12) 

leaving a structure of U(x, e) unchanged. This remarkable property allows to describe interactions between various 
degrees of freedom in the invariant subspace since in result 

j ■ e -> j h e h + j e e e . (2-13) 

We will consider also the transformation to the cylindrical coordinates (r, ip) . In this case the Cartesian sources 
Uxi,jx 2 ) -> (jr,j<fi) (and (e Xl ,e X2 ) -> (e r ,e v )). 

Note, the probability p ^< in\out >< in\out >* describes the 'closed-path' motion by definition. This means 
that the corresponding classical action S p = j> pdx — Hdt, where p is composed from two (in —> out) and out — > in) 
independent pathes, is the Poincare invariant, i.e. S p — S p >, if the phase-space flows through the closed path p and 
p' one coincide. We will see that new perturbation theory describes such variations of p that it enclose different 
phase-space tubes since the quantum perturbations are unable to change the phase-space 'liquids' density. 

So, resulting perturbation theory describes fluctuations of phase-space flow, induced by (je(t), jh(t)), through the 
elementary cells 5x c A Sq c , where Sq c is the tangent to x c vector and Sx c = e is the virtual variation from x c . For 
instance, 

dx dx 

Sx c A Sq c = e o~Q^ ~ &h ~Q^ (2-14) 
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in terms of local coordinates (8, h). Each term of the perturbation series is proportional to derivatives of the nonde- 
generate 2-form dio = Sx c A 5p c over 8 and/or h. 
Then the equality 

duji = (6x c A Sq c ) l = (2-15) 
means that there is not quantum flow, i.e. quantum corrections, in the i-th direction of the invariant subspace. Note, 



cq.( 2.15 ) is hold if one of elements in the product ((Sx c )i or (6q c )i) is equal to zero if the two-form duo is not degenerate 
in the ordinary sense. This will allow to consider not only the canonical transformations of the path-integral measure. 

Secondly, each order of perturbation theory can be reduced to the sum of total derivative over global coordinate of 
the invariant subspace. So, if (8q, ho) are the initial data for classical trajectory in the (8, h) space then the quantum 
corrections to the quasiclassical approximation 

ffl = [ d8 dh {?^ + = / dp'. (2.16) 
J dh d8 JdW G 

This property is important analyzing integrability of quantum systems since brings forward the topology of contribu- 
tions, i.e. the boundary properties of cl assica l trajectory x c (6, h), or, in other words, the topology of factor manifold. 

Note, the measure of integration in ( [2.16] ) over zero modes degrees of freedom (8q in this case) was defined as the 
result of mapping on the invariant subspace, i.e. without introduction of the Faddeev-Popov anzalspl- 

• Above example shows that it is necessary to have the universal method of mapping of quantum dynamics on the 
useful manifolds. Let us introduce helpful notations. So, it is well known that the mapping 

J :T^W, (2.17) 

where T is the 2iV-dimensional phase space and W is a linear space, solves the mechanical problem exactly iff 

J = ®fj,, (2.18) 



where Jj are the first integrals in involution, e.g. [g9j (the formalism of reduction ( p. 17 ) in classical mechanics is 
described also in 30 ). 



In other words, if Ji = Ji{x,p), i = 1,2, N , are the first integrals, Ji = 0, in involution, { J^, Jj} = 0, following 
to Liouville- Arnold theorem, the canonical transformation (x,p) — > (J,Q) solves the mechanical problem. Then the 
[x,p) c flow is defined by the 2N system of coupled algebraic equations n = J(x,p), £ = Q(x,p). 



The mapping ( 2.17 ) introduces integral manifold J u — J -1 (a;) in such a way that the classical phase space 
flaw with given r\ G J w belongs to J u completely (r) = ho in the above example). Our methodological idea assumes 
quantization of the J u manifold instead of flow in T. 

This becomes possible noting that the quantum trajectory should belong to J u . Indeed, in the above example the 



trajectory x c = x c {8, h) was defined by parameters (8, h) completely, where (8, h) are defined by eqs.(2.8). Note, this 



important property based on the <5-likeness of measure (see a.) and assumption that j is switched on adiabatically. 



The 'direct' mapping ( 2.17 ) used above, see |16| , assumes that J is known. But this approach to the general 
problem of mapping of quantum dynamics seems inconvenient having in mind the nonlinear waves quantization, when 
the number of degrees of freedom N — oo, or if the transformation is not canonical (or if we do not know is the 
transformation canonical). We will consider by this reason the 'inverse' approach starting from assumption that the 
classical flow is known. Then, since (i) if the flow belongs to J u completely and (ii) if J u presents the manifold jl6| , 
we would be able to introduce motion in W. 

The manifold J u is invariant relatively to some subgroup G w |^5| in accordance to topological class of classical 
flawP|. This introduces the classification and summation over all (homotopy) classes should be performed. 

12 This can help to avoid the problems with Gribov's ambiguities quantizing the non-Abelian Yang-Mills theory. Above suggestion means 
that the gauge phase will be considered as a dynamical degree of freedom, we suppose to quantize the Yang-Mills theory in the Wcjxfig 
space, where Q g is the gage orbit. 
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By this reason W is the invariant subspace. 
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Note, the classes are separated by the boundary bifurcation lines in W p5[ . Then, noting ( 2.16 ), the quantum 
dynamics is defined on this bifurcation lines. 

If the quantum perturbations switched on adiabatically then the homotopy group should stay unbroken. It is the 
ordinary statement for quantum mechanics. 

Therefore, we trying to describe in this paper the transition from quantum dynamics in the trajectories space to the 
dynamics in the space of parameters of classical trajectories. In the above example just {9, h) were such parameters. 

This step seems nontrivial since separates the problem of searching of solutions of cq.( |2.5| ) and the problem of 
quantization in corresponding vicinity. Then, noting that the quantum corrections are accumulated on the boundary 
of factor manifold dW, we can estimate, at least qualitatively, the contributions since definition of W is the algebraic 
problem, see Sec. 9. 

We would try to construct the mapping using the base of symplectic geometry 14 . This is possible having in mind 



discussion of eq.(2.15). Indeed, starting from assumption that (£, if) form the symplectic space (of arbitrary dimension) 
we would find the measure projecting this space on W. This step takes into account the symmetry structure of the 
W space (the unnecessary 'empty' degrees of freedom are canceled by the normalization condition). 

• We will calculate the bound state energies in the Coulomb potential to illustrate this idea. This popular problem 
was considered by many authors, using various methods, see, e.g., [j3lf . The path-integral solution of this problem was 
offered in J|^] using the time-sliced method. 

We will restrict ourselves by the plane problem. Corresponding phase space T = [p, I, r, <p) is 4-dimensional. 

The classical flaw of this problem can be parametrized by the angular momentum I, corresponding angle ip and by 
the normalized on total Hamiltonian Runge-Lentz vectors length n. So, we will consider the mapping (p is the radial 
momentum in the cylindrical coordinates): 

Ji,n ■ (p, I, r, (f) -> (/, n, ip) (2.19) 

to construct the perturbation theory in the Wc — (l,n, (f) space. I.e. W is not the symplectic space. Nevertheless we 
start from the symplectic space adding to n the auxiliary canonical variable £. 

Following to above definition, our transformed perturbation theory describes the quantum flow through the oriented 



cell, see e.g. ( 2.14 ), in the invariant subspace. Then, following to ( 2.19 ), du> n — (6x c A Sp c )„ — (since <9r c /<9£ = 0) 
and there is not quantum flow corresponding to ttQ. The Coulomb problem would be considered to demonstrate just 
this partial reduction. Wc will find that the bound-state energies are pure quasiclassical since the quantum corrections 
are died out on the dWc = d(ip, I) boundary. 

• We would consider the field theories with nontrivial topology to verify the effectiveness of our formalism^]. For 
instance, we may consider creation of the free particles in the theory with Lagrangian 



L= -(d^uf + —{cos(\u)-l]. (2.20) 



It is well known that this field model possess the soliton excitations in the (1+1) dimension. 
Formally nothing prevents to linearize partly our problem considering the Lagrangian 

L = \[{d^uf - mV] + ^[cos(A W ) - 1 + y M 2 ] 



14 This idea is natural on the Dirac measure noting that the canonical transformation is a one-parametric group of diffeomorphysms. 

15 So, Wc would not have the symplectic structure for Coulomb potential. It decomposed on the direct product TG* X R 1 of the two- 
dimensional (<p,l) phase space and ordinary one-dimensional subspace R 1 . Last one correspond to n. The quantum dynamics is realized 
in the (ip, I) phase space only. Note, this conclusion is in agreement with quantum uncertainty principle: if the dynamical variable has not 
conjugate pare in the Poisson brackets sense, then it stay being c-number in the quantization scheme. The integral over f is canceled by 
normalization. 

16 See also footnote 3. 
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= S (u)-V(u) 



(2.21) 



to describe particles creation (and absorption). The last term describes interactions. Corresponding 'order parameter' 
is 

r, 5 ,, = /^, #t „> W ), +-nt. (2,2) 
We will calculate the expectation value: 

Pw(q) = P2(q) =< |r(?;-u)| 2 > n . 

Just the procedure of averaging would be the object of our interest. By definition, pi is the probability to find one 
mass-shell particle. Certainly, pi{<q) = on the sourceless vacuum but, generally speaking, piifl) 7^ in a field (soliton) 
with nonzero energy density. 

It will be shown by explicit calculations that 

/03(g) = 0, if 0, (2.23) 



as the consequence of unbroken sl(2, C) Kac-Moody algebra on which the solitons of theory (2.2C) are live, see e.g 



and references cited therein. The solution ( 2.23|) seems impo rtant since it can be interpreted as the explicit 



demonstration of field u(x,t) confinement^. It will be shown that ( 2.23 ) is the consequence of previously developed 



proposition that the quasiclassical approximation is exact for sin-Gordon model 

The same as for Coulomb problem reduction procedure will be applied. But the reduction procedure of the 
sin-Gordon Hamiltonian system with symmetry G looks like canonical transformation jj3|, in opposite to Coulomb 
problem, i.e. W would have the symplectic structure. Note, considered mapping assumes the infinite number of degrees 
of freedom reduction since it brings the quantum-field model, defined in the infinite dimensional phase space T, up 
to the quantum-mechanical one, defined in the finite dimensional phase space TG* (see footnote 8). We demonstrate 
this nontrivial procedure explicitly. 

So, we would show the way as the field-theoretical problem may be reduced to the quantum-mechanical one. We 
would consider 77 as the 'particles' (solitons) generalized momentum and would introduce £ as the conjugate to rj 
coordinate. The iV-soliton 2./V-dimensional phase space (cotangent manifold) TG* with local coordinates (£, 77) on it 
has natural symplectic structure, and DM(TG*) = D N M{^,rf) in practical calculations, 

D N M(£, r,) = l[S(i - ^)S(f, + ^), (2.24) 

where hj(£,ri) is the transformed total Hamiltonian and (£,?y) are the N dimensional vectors. The summation over N 
is assumed. 

The quantum corrections to quasiclassical approximation of transformed theory are simply calculable since the 
bundle parameters i] are conserved in the classical limit. This is the particularity of solitons dynamics (solitons 
momenta are conserved quantities). One can consider the developed formalism as the path- integral version of nonlinear 
waves (solitons in our case) quantum theory (the canonical quantization of sin-Gordon model in the soliton sector was 
described also in |22|.) 



Noting that all solutions of model (2.20) are known [|36| we will find DM{TG*) considering the mapping as an 
ordinary transformation to useful variables. This idea will be realized in the following way. We can introduce following 
formal parametrization of the fieldQ 

u(x,t) = u c (x;£,ri), (2.25) 

17 This means also the solitons stability under quantum perturbations. The same conclusion was established for intagrable model [Q 
using the l l/N expansion'. 

18 The noncovariant notations (x, t) are useful since our perturbation theory is Lorcntz-noncovariant. 
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where (£,??)(£) ar e the iV-dimensional vectors. It is evident that u c (x;£,,r]) is the solution of incident equations iff it 
obey the Poisson brackets (p is the conjugate to u momentum): 



at u = u c , p = p c and (£, 77) obey the equations: 



*=i£> * = -w (2 - 27) 



Note, last equations are the arguments of S- functions in the transformed measure (2.24). 
• The 0(4, 2)-invariant quantum field theory model with Lagrangian 

L = l -{d^uf - lgu\ (2.28) 

where u(x, t) is the real scalar field, beside its simplicity, is important since the ansatz for Yang-Mills potential ]37| 

B^(x,t)=r,%d u lnu(x,t) (2.29) 

reduces the Yang-Mills equations to the single one for the field u: 

dlu + gu 3 = Q, g>0. (2.30) 

By this reason the theory ( [2.28] ) oftenly considered as a step toward Yang-Mills theory, see also |38| . 
We will calculate the expectation value 

p 2 (q) \T(q,u)\ 2 > u , (2.31) 

where for given theory 

T(q,u) = { d 3 xdte lqx dlu(x,t), q 2 = 0, (2.32) 



Following to above experience, the W space is the factor manifold (G/G) of the G — 0(4, 2) group and G is the 
compact ^ subgroup of G group. We will consider the highest 0(4)xO(2) subgroup^. 

So, let (/>(x, t) be the 0(4) x 0(2)-invariant solution of eq.( |2.3C| ). Then the generators of translations To and special 
conformal transformations Kq would define the coordinates of the Wo spaceQj. 

The classical phase flow in W is simple: 

£o = to = const., rjo = (2.33) 

The developed perturbation theory describes the random fluctuations of W. 

Following reduction procedure will be demonstrated. The functional differential measure DM(u,p) of the initial 
phase space V°° will be mapped on the space W s under the phase flow (</>, 7r), where ir = <j). This reduction would 
introduce the phase space with nondegenerate 2-form 8(j)ASir, where, as was explained above, 8<f> is the virtual deviation 
of u from the true trajectory <j> and Sit is a tangent to <f> vector of the transformed theory. This symplectic structure 



ution would be singular. 



19 Otherwise the classic; 

20 Another solutions of (2.3C) must be taken into consideration also. So, strictly speaking, considered in this paper contribution presents 
the particular field-theoretical realization only. 

21 The 0(4) X 0(2) subgroup of 0(4, 2) group is 7 parametric. So the factor manifold is 8 dimensional. 
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allows perform further reduction (see discussion of eq.( 2.15 )): W 8 — > Wo = T*G\ x R 5 , where R 5 is the 5-dimensional 
zero modes manifold and T*G\ is the 4-dimensional phase space with one constraint^ 
All quantum dynamics is confined in T*G\. 



1,2, 



t% (t) = Ui (v) + hi ' % (*) = hi > * 
with one constraint on the boundary conditions: 

6(0) =6(0). 

The sources j^, j Vi introduced for description of the T*G\ subspace quantum deformations. 



Inserting into ( fc.32| ) the 0(4) x 0(2)-invariant solution of eq. fl2.30D |>9|, 



(x, t) we find that 



(2.34) 



(2.35) 



(2.36) 



since (f>(x,t) = if (x, t) belong to remote hypersurface a^. This example shows that the confinement condition 
p2{q) — is hold in the quasiclassical approximation. 

W e investigate the influence of quantum corrections, i.e. the question, can they alter the quasiclassical solution 
( 2.36 ). It will be shown that quantum corrections broke the scale invariance and by this reason p2{q) ^ for theory 
( 2.28 ) on the 0(4) x 0(2) -invariant solution. 

Note, this example shows that the classical field <p can broke the symmetry, i.e. provoke the phase transition, in 
contrast to kink-like excitations. 



3 Generating functional. 

For sake of completeness it seems useful to introduce from the very beginning of this review paper the generating 
functional of observables (cross sections, created particles spectra, etc.) p. It seems also interesting to investigate in a 
what conditions this quantity has the right classical limit since in statistics p would have the meaning of big partition 
function (see also jflj ) . In result we get to the universal description of wide spectrum of physical phenomena. 

This statement becomes evident remembering the microcanonical approach in thermodynamics. We would like to 
in this review paper that (i) the distinction between thermodynamics and 5*-matrix field theory consist in the choice of 
boundary conditions and (ii) the problem of thermal description is restricted by quantum uncertainty principle only. 

So, we accommodate the economical thermodynamical description using the microcanonical approach to work with 
many-particles system. We will be seen that this and the canonical Gibbs descriptions (in the real-time formulation 
p0||) are coincide iff the system is in equilibrium. The attempt to extend our thermal description on the quantum 
media (nonequilibrium as well) leads to the well known in statistics Bogolyubov condition on the particles correlation 
functions EJ . Just discussion of this condition allows to show in a what sense the S-matrix approach has the right 
classical limit. 



One should draw attention also on the following factorization property natural for LSZ reduction formulae (3.2). 
So, the generating functional may be written as the product: 

p(P,z) = e- N ^p (4>). (3.1) 

The differential over auxiliary field 4>{x) operator N((3, z; <fi) is the functional of 'activity' z = z{q) (to 'mark' the 
momentum q of external particles) and of temperature T — 1/(3 (to define the mean value of the asymptotic states 
energy). The physical meaning of this quantities will be discussed. 

22 This picture reminds the Coulomb problem, see footnote 7. 
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The functional po(4>) describes interaction of fields and is the vacuum-in- vacuum transition probability in presence 
of external (auxiliary) field 4>(x). One can say that the operator e~ N ^- z '^ maps the interacting fields system, described 
by po (</0) on the (external) states marked by given (3 and z. 

This factorization property will have important consequences since it assumes that external environment do not 
influence on the spectrum of quantum excitations. Just in frame of this assumption we would construct the perturbation 
theory. 

50, at the very beginning we would show that 

51. Thermodynamics has the S -matrix interpretation. 

The starting point of our calculations is following definition of rt-into-m particles transition amplitudes a nm in the 
momentum representation p~T[ ] : 

m n 

a nm (q';q) = fl f[ (3 ' 2) 

k=l k=l 

where q' k (q^) are the incoming (outgoing) particles momenta. The energy- momentum conservation S- function must 
be extracted from a nm . The 'hat' symbol means variation over corresponding quantity. For instance, 

4>{q)= f dxe- iqx -^—= [ dxe~ lqx 4>(x). (3.3) 



(x) 

Note, </>(g) acts as the annihilation operator of the incoming particle and </>*(<?) as the creation one. The vacuum-in- 
vacuum transition amplitude in the background field <fi is 



Z(<t>) = / Due iS °^- iV{ - u+,t> \ (3.4) 



where Sq is the free part of action: 



and V describes the interactions: 



So(u) = - [ dx((d^u) 2 ~ m 2 u 2 ) (3.5) 
1 Jc+ 



V(u) = / dxv{u). (3.6) 
Jc+ 

The time integrals in ( |3.4[ ) are defined on Mills time contour ^| : 

C+:t^t + ie, - oo < t < +oo. (3.7) 

This guaranties convergence of the path integral. At the end of calculations one must put the auxiliary field <p equal 
to zero. 

Let us calculate now the probability 

Pnm(P) = -7— : [ duj m (q')duj n (q) 
n\m\ J 

m n 

XS(P-J2 <f k )5{P - J2 °k)\a nm \ 2 , (3.8) 

k=l k=l 

where 

m , 
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is the Lorentz-invariant phase-space element. Note, introduction of 'probability' p leads to the doubling of degrees of 
freedom. 



Inserting (3.2) into (p.q) we find: 



Pnm(P) = (-1) 



n+m 



7 1 m. I 



N m (P,<l>)NZ(P, </>)&(<!>), 



where 



/tit 
k=i 

» m 

j J] dx' k dy' k e-<^-y'^^{v' k )h{x' h 



and 

Introducing new coordinates: 
we come naturally from ( 



Xk = Rk + r k /2, y k = R k - r k /2, 
x'k=K-r' k /2, y' k = R' k +r' k /2 

to definition of the Wigner functions : 

Pnm{P) = — 7— r [ du m (q')duj n (q) 
nlml J 

m n 

x S(P-J2q' k )5(P-J2<lk) 

n m 

Jl dR k 11 dR' k W mn (q, R; q\ R'), 



k=l k=l 



where 



W nm (q, R; q', R') = (-1)™+™ ]J N+(q k , R k ; $) 

fc=i 

m 

xl[N.(q' k ,R' k ;$)po(<f>) ) 



k=l 



and 



N±{R,q; 



dre iqr 0±(R + r/2)$ T (R - r/2)} 



(3.9) 



(3.10) 



(3.11) 



(3.12) 



(3.13) 



(3.14) 



(3.15) 



will be considered as the particles number operator, local in phase space (R,q). 

The Wigner function has formal meaning in quantum case (it is not positively definite) , but in classical limit it has 
the meaning of ordinary in statistics phase-space distribution function. It obey the Liouville equation [ fl3| conserving 
the phase space volume. We will use this function searching the classical limit of our S'-matrix formalism. 
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We would consider dT n = \a mn \duj n (q) as the differential measure of final state and dT m = \a mn \duj m (q') of initial 



one. Two S- functions of energy- momentum shells was introduced separately in (3.8) to distinguish the initial and final 
states. The Fourier transform of this 5-functions in ( 3.13| ) gives new quantity: 



p mn (P) = J ^^^^Pmnia) (3.16) 

where 

Pmn(a) = —f— 7 I du m (q')dui n (q) 
n\m\ J 

m n 

x J] dR' k e- iai «'« Y[ dR k e- ia ^W mn {q,R-q',R'). (3.17) 

k=l k=l 

Inserting (|t|) into ( |3.17| ) we find: 



1 

nlm 

where 



Pmn (a) = (-l^—NTtoflN^iafiflpott), (3.18) 



N±(a;(f>) = J dRduj 1 (q)e~' qa 
• / dre zqr $±{R + r/2)<P T (R-r/2)} 

= / dRdu; 1 {q)e' tqa N±(R 7 q;^). (3.19) 



It is natural to introduce the generating functional weighing the operator N±(R,q;<p) by the arbitrary 'good' 
function z(R, q): 

N ± (a,z;4>) = J dRduj 1 {q)e- tqa z(R 7 q)N ± {R,q;cf)). (3.20) 
In result, summation over all n,m gives the generating functional (]3 . 1[) : 



p(a,z) = e- N + ( - ai '* ti ^- N -^t'*t''^po(<l>) 

= e- N ^' z ^p (cf>). (3.21) 

It is t he ge nerating functional of Wigner functions in the temperature representation f42||. At the same time, if z — z(q) 
then ( |3.2l| ) is the Fourier transform of expectation values (^l]) generating functional [|l3|. Indeed, in this case 

N ± (a,z;4>) = ( dwifgje^ztgl^tf)^?). (3.22) 



This representation is suitable for quantum case. 

Let us consider the 'spectral representation' (3.22). It leads to the following generating functional (z = 1 is chosen 
for simplicity): 

P(q;) = e i J dxdx ' <t>+( x ) G +-{ x ~ x ' \<*2)4>-(x') 
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where G^ and G |_ are the positive and negative frequency correlation functions: 

G+- {x-x',a)=-i J duo(q)e tq{x - x '- a] (3.24) 

describes the process of particles creation at the time moment xq and its absorption at Xq, xq > x' Q , and a is the 
center of mass (CM) 4-coordinate. The function 



G-+(x-x',a)=i / du{q)e- tq{x - x ' +a) 



describes the opposite process, xq < x' q . These functions obey the homogeneous equations: 



(d 2 +m 2 ) x G+_ = (d 2 + m 2 ) x G. 







(3.25) 



(3.26) 



since the 'propagation' of mass-shell particles is described. 

Let us suppose that Z((f>) may be computed perturbatively. Following transformation, suitable for the arbitrary 
nonsingular at origin functional, would be useful: 

-iV(4>) _ -i J dx~j(x)4>' (x) i J dxj{x)<p(x) -iV (<)>') _ 



= J dx<t>(x)4>'{x) e -iV(<P') _ 



-iV(-ij) i J dxj(x)cf>(x) 



(3.27) 



where j and (j) are variational derivatives over corresponding quantities. At the end of calculations the auxiliary 
variables j, <p' should be taken equal to zero. 
Using first equality in (3.27) we find that 

Z((j)) — e _i J dx j( x ^ & ( x ^ e ~ iV ( u +<t>) 

xe -t/ dxdx'j(x)G ++ (x-x')j(x') (3 28) 

where G++ is the causal Green function: 

(d 2 + m 2 ) x G ++ (x - y) =S(x-y). (3.29) 
Inserting (3.28) into ( 3.23j ) after simple manipulations with differential operators, see (3.27), we find the expression: 

xe ±jdxdx' n (x)G tk (x-x') 3k (x')^ i k = 1 2 (3 

where 

Gu(x — x) = — G++(x — x'), 

G\2{x — x) = G^ (x — x' , ai), 

G 2 i(x - x') = -G- + (x - x', a 2 ), 
G22 = G__ = (G++)*, 



(3.31) 



G is the anticausal Green function. 
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The structure of generating functional ( p.3C| ) is the same as in the real-time finite-temperature field theories, e.g. 
j. The difference is only in definition of Green functions. 

The Green functions Gy were defined on the time contours C± in the complex time plane (C_ = C+). This 



definition of the time contours coincide with Keldysh' time contour |44|. The expression (3.30) was written in the 
compact matrix form Jf5| . 

Note, the doubling of degrees of freedom is unavoidable since Green functions Gij are singular on the light cone. 
But it will be seen below that one can shift the time contour on the real axis if the perturbation theory is constructed 
in the invariant subspaces. 

Considering the system with large number of particles we can simplify calculations choosing the CM frame P = 
(Pq = E, 0). It is useful also to rotate the contours of integration over a®: ao — — Im(3 = 0. In result, omitting 
unnecessary constant, we will consider p = z). Note, (3 is conjugate to particles energy, i.e. 1/(3 has the meaning 
of temperature. 

So, we construct the two-temperature theory (for initial and final states separately). In such theory with two 
temperatures the Kubo-Martin-Schwinger (KMS) (47], Q periodic boundary conditions applicability is not evident. 
Note, KMS boundary condition play the crucial role in Gibbs thermodynamics since the temperature in it is introduced 



just by this condition, e.g. J43|, see (|3.42| ) 



Let us consider the dynamical origin of KMS condition, see also |ll|] . By definition, the path integrals 

p o (0±) = J Z?M + Z3u_e lSo(u + ) - lSo(u - ) 

xe -iV(u++<f> + )+iV(u--$-) ^ (3.32) 

should describe the closed path motion in the space of fields u. The equality: 

da ll u + d >1 u + = / da^U-d^U-. (3.33) 

takes into account this boundary condition. So, p((3, z) is defined on the periodic (in the u space) trajectories by 
definition. 

Mostly general solution of eq.( |3.33j ) means that the fields u + and u_ (and theirs first derivatives d fJ/ u±) must 
coincide on the boundary hypersurface Goo'. 

u±(o-oo) = u( a °o), (3.34) 

where, by definition, u(ctoo) is an arbitrary, 'turning-point', field. The value of u(cToo) specify the environment of the 
system. This boundary condition guaranties absence of surface terms up to 'non-integrable' term J^] . Last one can 
arise if the topology of interacting fields is nontrivial (see e.g. Sec. 5). 

The simplest (minimal) choice of u{o~ oo) ^ assumes that the system under consideration is surrounded by black- 
body radiation. One should underline also that this choice of boundary condition is not unique: one can consider 
another organization of the environment, e.g. the external flow can be consist of the correlated particles as it happens 
in the heavy ion collisions (the nucleons in ion may be considered as the quasi- free particles). 

Let us suppose that on the infinitely far hypersurface there are only free, mass-shell, particles. This assumption 
is natural in the S- matrix framework |Te] ] . In this paper we will assume also that there are not any special correlations 
among background particles. 

In this framework our derivation is the same as in p9[ |. By this reason we restrict ourselves mentioning only the 
main quantitative points. 

Calculating the product a„ jm a* m we describe a process of particles creation and theirs further adsorption. In the 
vacuum case two time ordered process of particles creation and absorption were taken into account. In presence of 
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the background particles this time-ordered picture is slurring over since the possibility to absorb particles before its 
creation appears. Taking new possibilities into account, 



Pep 



JN(/3,z;<t>) 



po(4>), 



(3.35) 



where po((f>) is the same generating functional, see (3.32). 

The operator N(/3,z;(f)),i,j = +, — , describes the external particles environment. It can be expanded over the 
activity operator cj>*(q)<fij(q). We can leave only the first nontrivial term: 

(3.36) 

*<t>j we 

conclude that riij is the mean multiplicity (occupation number) of background particles. In ( 3.36 ) the normalization 
condition: 



N(fi,z;4>)= I dwi(«)#(?)ntf(/3,*)&(g), 
since no special correlation among background particles should be expected. Following to our interpretation of < 



N(0) = 



(3.37) 



was used and summation over all i,j was assumed. In the vacuum case only the combinations i ^ j are present. 

Having background particles flow it is important to note that to each vertex of in-going in a n , m p article we must 
adjust the factor e -«*i9/ 2 and for each out-going particle we have correspondingly e ~ la2q / 2 , see ( |3.17 ). 

So, the product e~ takq / 2 e~ laiq / 2 can be interpreted as the probability factor of the one-particle {creation + 
annihilation) process. The n-particles {creation + annihilation) process' probability is the simple product of these 
factors if there is not the special correlations among background particles. This interpretation is evident in the CM 
frame a k = (-i/3 fc , 0). 

After this preliminaries it is not too hard to find n,j (see Appendix A). Corresponding generating functional has 
the standard form: 



Pp(j±) = exp{~iV{-ij+) + iV(-ij-)} x 
x exp{^ J dxdx' ji{x)G i:j (x ~ x', 0)jj(x')} 



(3.38) 



where the su mmat ion over repeated indexes i s ass umed. 

Inserting ( 3.38| ) in the equation of state (3.43) we can find that 0i = 0% = 0(E). If j3{E) is a 'good' parameter 
then Gij{x — x';f3) coincide with the Green functions of the real-time finite-temperature field theory and the KMS 
boundary condition: 



G+-(t-t') =G-+{t-t' -i/3), 
G-+(t-t') = G+-(t-t' + i(3), 



(3.39) 



is restored. The eq.(3.39) deduced from ( 3.38| ) by direct calculations. It is known that the KMS boundary condition 
without fail leads to the equilibrium fluctuation-dissipation conditions |30| (see also pl[). 

The energy and momentum in our approach are still locally conserved quantities since an amplitude a nm is trans- 
lational invariant. So, we can perform evident in the S'-matrix theory transformation: 



ui^qk 



(ai - <ti ) ^2 q k + o-i ^2 q k -> 
(ax -oi) V\ fe + oiP 



(3.40) 



since 4-momenta are conserved. The choice of oi defines the reference frame. This degree of freedom of the theory 
was considered in |52l W9] . It gives the rule as the time contour can be shifted. 
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Using this rule it is not hard to present p{[3) in the form of one path integral defined on the 'closed time-path' 
contour C |43|j : 

p(j3) = f Due lSc{u \ (3.41) 



where the action Sc is defined on the Mills []37| time contour C. It start at time U goes to right, at t = tf it turns 
and end at tj — i[3. The temperature is introduced through the KMS boundary condition 

u{U) = u(ti - t/3). (3.42) 



Note, one can find (3.38) from (3.41) considering ti — > — oo and tf — > +oo iff the interactions are disappeared on a^. 
In the ordinary perturbation theory this condition is hold |40fl . But the symmetries (hidden as well) may survive the 
'interactions'. 

The contour C unavoidably contains both along the real and imaginary axis parts. It is not clear by this reason 
how the nontrivial topology requirements can be applied for such time contour. In contrast with it the representation 



(3.38) is free from the imaginary parts of time contour. 



• The temperature was introduced as the parameter conjugate to created particles energies. By this reason the 
uncertainty principle restrictions should be taken into account. We would like to show that 

S2. The thermal S-matrix description can be used for infrared stable field theory. 

Considering the Fourier-transformed probability p(a, z) as the observable quantity the phase-space boundaries are 
not fixed exactly, i.e. the 4-vector P can be defined with some accuracy only if on are fixed, and vice versa. It is 
the ordinary quantum uncertainty condition. In the particles physics namely the 4-vector P is defined by experiment. 
Let us find the condition when both P and (3 may be the well defined quantities, i.e. may be used for description of 
p(a, z). This is necessary if we want to use the temperature formalism in particles physics also. 

Note, in statistical physics such formulation of problem has no meaning since the interaction with thermostat is 
assumed. In result of this interaction the energy of system is not conserved, i.e. the systems word line belong to the 
energy surfacepl 



The stationary phase condition for integrals (3.16) gives the equations of (final and initial) states familiar for 
microcanonical description (ll]]. We will chose the CM frame P — (E,6) when a.^f) = (— i/3i(f)> 0). We can interpret 
1/ ftuf) as the temperature of initial (final) state. The corresponding equations of state have the form: 

E=--^—\np((3,z). (3.43) 



But one can not define p(E) correctly even knowing the solutions (3uf\(E) of eqs.( |3.4g ) if fi^f^E) are not a 'good' 



parameters, i.e. iff the fluctuations in a vicinity of them are not Gaussian. This condition would be considered as the 
definition of equilibrium. 



Indeed, to calculate the integrals over the expansion near solutions [3i(f)(E) of eqs.(3.42) should be examined. 
This leads to asymptotic series with coefficients 

~ J f[duii(qi) < e(q 1 ),e{q 2 ), ■■■,e{q s ) >= 

i 

/ T).-U/ ; . (/2 '/-:• (3.44) 



23 It can be thin if the interaction with thermostat is weak. 
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since In p{[3, z) is the essentially nonlinear function of f3. So, the fluctuations near (3i^{E) are defined by the value of 
s-particle inclusive energy spectra < s(qi),e(q2), ...,s(q s ) > familiar in particles physics. The analysis shows that it is 
enough to have the factorization 

J f[duj{q l ) < e(q 1 ),e(q 2 ), -,s(q s ) >~ 

f[ J Mli) < <Qi) > (3-45) 

for correct estimation of this asymptotic series. It must be underlined that this is the unique solution of the thermal 
descriptions problem. 

Discussed factorization is the well known Bogolyubov's condition for 'truncated' description of nonequilibrium 
media JO], when s- particle distribution functions D s , s > 1, is expressed through Di through the relation (3.45). 

Considering the general problem of particles creation it is hard to expect that the constant Pi^(E) is a 'good' 
parameter, i.e. that the factorization conditions (3.45) are hold. Nevertheless there is a possibility to have the above 
factorization property in the restricted space-time domains of size L. It is the so called 'kinetic' phase of the process 
when the memory of initial state was disappeared, the 'fast' fluctuations was averaged over and we can consider the 
long- range 'slow' fluctuations only. 

In this 'kinetic' phase one can use the 'local equilibrium' hypothesis in frame of which f3^f)(E) — > f3^f)(R,E), 
where R € L c and L c is the dimension of the measurement cell 24 . It is natural to take 

L c « L, (3.46) 

where L is the characteristic thermal fluctuations dimension. It is assumed that (3 i ^{R 1 E) — const, if R G L c . In 
the equilibrium L — > oo. 

By definition, 1 / (i?, E) — £{R) is the mean energy of particles in the cell with dimension L c . The fluctuations 
in e(R) vicinity should be Gaussian. 

The quantum uncertainty principle dictates also the condition 

L e » L q , (3.47) 

where L q is the characteristic scale of quantum fluctuations (L q ~ 1/m for massive theories). 
The 'infrared unstable' situation means that 

L q » L. (3.48) 

One should underline that L defines the scale of thermodynamics fluctuations and, by this reason, the inequality ( |3.4S| ) 
points to (unphysical ) ins tability in the infrared domain. 

So, if conditions ( |3.46| , 3.47 ) are hold we can use the Wigner functions to describe the phase-space distributions, 
i.e. the formalism has right classical limit in this case. 

To introduce the scales L, L c into formalism we can divide the R 4-space on the cells of L c dimension [jyj: 



J dR = Y J f dR i ( 3 - 49 ) 



where r can be considered as the cells 4-coordinate. Assuming that the inequality ( |3.46j ) is hold we can assume that 
= (3(r), z = z(q,r), are the constants at least on the L c scale. With this definitions 



N±{!3,z-<i>) = Y^ J dwi(?)e _/3(r)(E(9)+Mr ' 9)) 



24 Note, we always can divide the external particles measuring device on cel ls s ince the in free state are measured. Such description of 
nonstationary media seems favorable in comparison with traditional one, e.g. fea| 
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x / dRN±(R,q;(f>), (3.50) 
Jl c 

where 

is the local chemical potential. 

bullet On the more early pre-kinetic stages no thermodynamical shortened description can be applied and the pure 
quantum description (in terms of momenta only) should be used. For this purpose one should expand p(a, z) over 
operators N± and the integrations over ctj, a/ gives ordinary energy-momentum conservation (^-functions, i.e. defines 
the system on the infinitely thin energy sheet. 



4 Unitarity condition 

Purpose of this section is to show how the S-matrix unitarity condition can be introduced into the path-integral 



formalism to find measure (2.4) JB|. We will start from the quantum-mechanical example to do the calculations more 
evident. 

The unitarity condition for the S- matrix SS + = I presents the infinite set of nonlinear equalities: 

iAA* = A-A*, (4.1) 



where A is the amplitude, S = I + iArj. Expressing the amplitude by the path integral one can see that the l.h.s. of 
this equality offers the double integral and, at the same time, the r.h.s. is the linear combination of integrals. Let us 
consider what this linearization of product AA* gives. 

Using the spectral representation of one-particle amplitude: 



let us calculate 



^.<— > = E™^- ^+o, ,, 2 , 

n 

px{E) = J dxidx 2 A 1 {xi,X2\E)A* l (xi 1 x 2 - 1 E). (4.3) 

The integration over end points X\ and x 2 is performed for sake of simplicity only. Using ortho-normalizability of the 
wave functions ^ n (x) we find that 

^)=Ei^ir^i 2 = fE^-^). (4.4) 

n ' n 

Certainly the last equality is nothing new but it is important to note that pi(E) = for all E ^ E n , i.e. that 
all unnecessary contributions with E / E„ were canceled by difference in the r.h.s. of eq.(l.l). We will put this 
phenomena in the basis of the approach. 

We will build the perturbation theory for R(E) using the path-integral definition of amplitudes ||. It leads to loss 
of some information since the amplitudes can be restored in such formulation with the phase accuracy only. Yet, it 
is sufficient for calculation of the energy spectrum. We would consider this quantity to demonstrate following statement: 



25 Note, in this definition the amplitude is dimensionlcss. In ordinary definitions the energy-momentum conservation 5-functions are 
extracted from amplitudes. 
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S3. The unitarity condition unambiguously determines contributions in the path integrals for pi (E) . 

This statement looks like a tautology since e lS ^ x \ where S(x) is the quantum-mechanical action, is the unitary 
operator which shifts a system along the trajectory^ I.e. the unitarity is already included in the path integrals. But 
the general path-integral solution contains unnecessary degrees of freedom (unobservable states with E ^ E n in our 
example). We would define the quantum measure DM in such a way that the condition of absence of unnecessary 
contributions in the final (measurable) result be loaded from the very beginning. Just in this sense the unitarity looks 
like the necessary and sufficient condition unambiguously determining the complete set of contributions. Solution is 
simple: one should find, as it follows from (4.4), the linear path- integral representation for pi(E) to introduce this 
condition into the formalism. 

Indeed, to see the integral form of our approach, let us use the proper-time representation: 



/>oo 

E) =J2*n(xi)K(x2)i / dTe 

Jo 



e i(E-E n +ie)T (45) 



and insert it into (4.3): 

I* oo 

Pl (E)=J2 dT + dT^e-^ +T ->e^ E - E ^- T -K (4.6) 

n -1° 

We will introduce new time variables instead of T± : 

T±=T±t, (4.7) 

where, as follows from Jacobian of transformation, |r| < T, < T < oo. But we can put |t| < oo since T ~ 1/e — > oo 
is essential in integral over T. In result, 

Pl (E) = 2^ [°°dTe- 2sT [ + °° ^. e ^-E n )r_ (4 8) 

J J CO 

In the last integral all contributions with E ^ E n are canceled. Note that the product of amplitudes AA* was 

'linearized' after introduction of 'virtual' time r = (T+ — T_)/2. The physical meaning of such variables will be 
discussed, see also Q. 

We will consider following path-integral: 

POO fX2—x{T) 

A 1 (x u x 2 ;E) = i dTe lET Dxe lSc + (x \ (4.9) 

JO Jx 1= x(0) 

where C+ is the Mills complex time contour |37| . Calculating the probability to find a particle with energy E (Im E 
will not be mentioned for sake of simplicity) we have: 



Pi(E) 



J d Xl dx 2 \A\ 2 = dT + dT_e lE{T+ - T - 



.(T+)=x_(T_) 

D c+ x + D c _X- 

x + (0)=x_(0) 



xe 



i Sc + (T + ){x+)-iS c _(T_)(x-) ^ (4-10) 



where C_(T) = C+(T). Note that the total action in ( 4.10Q {Sc + (t + )( x +) — Sc_(T-)( x -)) describes the closed-path 
motion by definition. 

2e It is well known that this unitary transformation is the analogy of tangent transformations of classical mechanics ]54| . 
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New independent time variables T and r will be used again, see (4.7). We will introduce also the mean trajectory 
x(t) = (x+(t) + x-(t))/2 and the deviation e(t) from it: x±(t) — x(t) ± e(t). Note that one can do surely this linear 
transformations in the path integrals. 

We will consider e(t) and r as the fluctuating, virtual, quantities and calculate the integrals over them perturba- 
tively. In the zero order over e and r, i.e. in the quasiclassical approximation, x is the classical path and T is the total 
time of classical motion. 

The boundary conditions (see (4.10)) states the closed-path motion and therefore we have the boundary conditions 
for e(t) only: 

e(0) = e(T) = 0. (4.11) 

Note the uniqueness of this solution if the integral over r is calculated pcrturbativcly. 

Extracting the linear over e and r terms from the closed-path action (<S'c + (t + )( ;e +) — £>C-(T-)( X -)) an d expanding 
over e and r the remainder terms: 



-H t {x;t) = (S c+{T+T) (x) - S c _( T _ T) (x)) + 2tH t (x), 
where Ht(x) is the Hamiltonian at the time moment T, and 

- U T (x,e) = (S c+ (T)(x + e) - S c _(t)(x - e)) + 



(4.12) 



25i 



C+(T) 



dt(x + v'(x))e 



(4.13) 



we find that 



Pi_{E) = 2tt / dTe- tK ^^ j ^ 
Jo 

x / DM(x)e- lilT[x ' T) - %UT{x ' e) . 



(4.14) 



Note the necessity of boundary condition (4.11) to find (4.14). It allows to split the expansions over r and e. 
The expansion over differential operators: 



dt- 



c+(T) Sj(t)5e(t)' 



(4.15) 



will ge nerat e the perturbation series. We will assume that it exist at least in Borel sense. 
In (4.14) the functional measure 



DM(x) =8{E + uj- H T {x)) Y[ dx(t)5(x + v'(x) - j) 



(4.16) 



unambiguously defines the complete set of contributions in the path integral. The functional ^-function is defined as 
follows: 



Y[5(x + v'(x)-j) 



(27T) 2 



e(0) V T 



(4.17) 



The physical meaning of this ^-function is following. We can consider (x + v'(x) — j) as the total force and e(t) 
as the virtual deviation from true trajectory x(t). In classical mechanics the virtual work must be equal to zero: 
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(x + v'{x) — j)e(t) = (d'Alembert) ps| since the motion is time reversible. From this evident dynamical principle 
one can find the 'classical' equation of motion: 

x + v'{x)=j, (4.18) 

since e(t) is arbitrary. 

In quantum theories the virtual work usually is not equal to zero, i.e. the quantum motion is not time reversible 
since the quantum corrections can shift the energy levels. But integration over e(t), with boundary conditions (4.11), 
leads to the same result. So, in quantum theories the unitarity condition |p3| play the same role as the d'Alembert's 
variational principle in classical mechanics. We can conclude, the unitarity condition as the dynamical principle es- 
tablish the time — local equilibrium between classical (r.h.s. of (4. IS)) and quantum (l.h.s. of (4. IS)) forces. 

• We would like to show that 



S4- The functional measure of p(/3,z) is S-like. 
Let us consider now the integrals 



Po{4>) 



Du + Du-e lSo{u + ) - lU{u ++' t '+ ) 

iSa{u-)+iV{u--<f>-) 



xe 



(4.19) 



where Sq, V were defined in (7.4), (7.5) and (u_, <f>—) are defined on the complex conjugate time contour C_. Note, the 
fields <f>± carry all external information and this integrals should be calculated with 'closed-path' boundary condition, 
see ( 3.33 ). 

Instead of two independent fields u + and u- we will use new ones M; 



with 'closed-path' boundary condition: 



u(x)± — u(x) ± <p(x) 



dx fJl ip(x)d^u(x) = 0, 



where Coo is the remote hypersurface. We will choose following solution of ( 4.21 

= 



<p(x)\, 



(4.20) 
(4.21) 

(4.22) 



With this boundary condition the total action (Sq(u+) — V(u + ) — Sq{u—) + V(u-)) describes the closed-path motion 
with turning-point field u(x)\ xea - x . The integration over it is assumed. The physical meaning of this 'minimal' 
boundary condition in the S'-matrix approach was described in Sec. 3 jnj. 

We will consider ip as a pure quantum field expanding ( 4.19| ) over them. Introducing the auxiliary field (f>(x,t): 

4>(x, t e c±) = 4>±(x, t e c±) 

and introducing the variational derivative by equality: 

5(j>(x,t G d) 



(x',t'eC 3 ) 



SijS(x- x')S(t-t'), i,j = +,-. 



we can write (Im < 0): 



N(a,z;(j))± = / du(q) 



dx 



dy<j)(x)<j){y) 

±iq(x-y) 



(4.23) 
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Note, introducing the Wigner coordinates, see ( 3.12| ), R = (x + y)/2 and r — x — y we find taking into account ( [t.25| ) 
that QR = and Or ~ e since C_ = C^_. Therefore, an f) (R) and zaf\(q, R) stay real on the complex time contours. 
Using this notations let us extract in the exponents ( 4.19[ ) the linear over (0 + <p) term: 



and 



V(u +{(/) + ip)) - V(u -((/> + ip)) = U(u, <j) + p) 

+25i / dx{<j>{x)+ip{x))v'{u), 
Jc + 



S (u + <p)- S (u -<p) = s (u) 



(4.24) 



-2m 



dx<p(x)(d 2 + m 2 )u(x) 



(4.25) 



where 



23? 



Note, generally speaking, sq(u) ^ if the topology of field u(x) is nontrivial. The reason of this phenomena was 
demonstrated in on the quantum-mechanical examples. It has the meaning of 'nonintegrable' term. 
The expansion over (</> + ip) can be written in the form, see ( |3 . 27 ) : 



Xf 



■jti j. i \ -hRe / dxj(x)ip' (x) 

e -iU{u,cf>+ip) _ g 2' Jc + v ' y ' 

,2SR J c dxdtj(x)(<t>(x)+<p(x)) _ iU[u ^r ) 



(4.26) 



where j(x), <p'(x) are the variational derivatives. The auxiliary variables (j, tp') must be taken equal to zero at the 
very end of calculations. 
In result, 



Po{4>) 



D ue is o(u) e -iU(u,f) 
i23? f dx(j(x)-v'(u))4>(x) 

JC + 

Y\S(dlu + m 2 u + v'(u) - j), 



xe 



(4.27) 



where the functional (^-function was defined by the equality: 

FT 5{&lu + m 2 u + v'(u) - j) 

X 

— 2zK dx(d 2 L u-\-m? u+v' (u)—j)ip(x) 



Dpe 



(4.28) 



The eq.(4.27) can be rewritten in the equivalent form: 



Po{^>) 



DM(uy soiu) - tU{u ' v) 



iIRe J c dx<ji(x)(d 2 l +m 2 )u(x) 



(4.29) 
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because of the (5-functional measure 



DM(u) = Y[du(x)S(df l u + m 2 u + v' (u) - j), 



(4.30) 



with 



K(j, <p) 



dxj(x)(p(x). 



(4.31) 



Not at the end that the contour C+ in ( 4.25 ) and ( 4.31 ) can not be shifted on the real time axis. 



It is easy to show now having definition (4.30) that 



S5. The expectation values p nm has the (2.1) form iff the field theory is infrared stable. 

The action of operator N((3, z; </>) maps the interacting fields system on the physical states. Last ones are 'marked' 
by Zitf) and The operator exponent is the linear functional over <fi and this allows easily find the result of 

mapping: 



p(P, z) 



-Hi 



DM(u)e +is °^~ iU< > u ' ,ip " > e Ni < l3 ' z ' ,u \ 



(4.32) 



where 
and 



N(j3,z;u) = n(fii,Zi;u) +n*(f3f,zf,u) 



n((3,z;(f>) =^1 du(q)dk5 La (k)t 
r •* 

xT(q + k,(/))T*(q-k, 
if the thermodynamical parameters (5 and z are local quantities. In ( 4.33| ) 

dR 



(4.33) 



AkR 



was introduced (for 4-dimensional theory). Here L c is the space-time dimension where f3itf\(R) and Zi(f\(q, R) can be 
considered as the constants. If L c << L then <5i c (fc) can be replaced on the usual ^-function 6(k) and, therefore, in 
this limit: 

N(f3,z;u) = [ doj(q)dra(r)e-^ r){e< ' q)+ ^' 1 ' r)) \r{q,u)\ 2 (4.34) 



Integration over r means summation over cell coordinates, where the factor <r(r) is the measure of this replacement. 
The translational invariantness gives er(r) = l.In this expression 



T(q,u) 



dxe lqx (d 2 +m 2 )u(x) 



(4.35) 



is the function of external particles momentum q only. 

The considered limit is hold if the theory is 'infrared stable'. In opposite case the eq.( [4.33] ) must be used because 
of arbitrary-range quantum fluctuations. Note, in this case the quantum description is not hold also. This is typical 
unnphysical instability which may arise if the ground state is unstable. 



2G 



• Note that 

]T f dPp nm (P) = AA Q , (4.36) 

nm 

where /5„ m (P) was defined in ( ft.Sj ), is the absorption part of vacuum-to-vacuum amplitude Aq =< i>ac|i;ac >. We 
found in previous section the functional measure for AAq using the unitarity condition. It was enough to know this 
quantity to reconstruct the real-time finite-temperature field theory which is the analytic continuation of the ordinary 
in statistics Matsubara approach |5q| . It was shown also the way as our microcanonical approach can be used for 
nonequilibrium media description and the condition when our formalism has the right classical limit. For this purpose 
the Wigner functions was used. 

At the end, without evident calculations, we would like to note that 

S6. The absorption part of the elastic amplitude A 2 (qi, Q2', Qi, q 2 ) * s defined by the expression: 

AA 2 (q 1 , q 2 ; q[, q 2 ; a f , z f ) 

2 

i=l 

f / \ -tt, v i2!R f dxMx)(df,+m 2 )u(x) 

x / DM(u)e lSo(tl) ~ 4C/(u ' v) e Jc + , (4.37) 



We leave in this expression the (a, z) dependence to show as the observables can be described. 
This formulae is important since having AA 2 and using dispersion relations one can find the total amplitude 
^2(91, q2,q'i,q' 2 ) which is the main quantity in particles physics. 



5 Perturbation theory 

Now let us consider representation ( [4.14| ) . It is not hard to show that 



S7. Eq. ( (.14 ) restores the perturbation theory of stationary phase method. 



For this purpose it is enough to consider the ordinary integral: 



(2tt) 1 /2 

with Im a — > +0 and b > 0. Computing the 'probability' p — \A\ 2 we find: 

/•+00 

p( a , b) = / dxe- 2 l*'+*V m a e 2 ^ f 



A (a,b)= I jTr^e^^+i"^, (5.1) 



x5(Re ax + bx 2 + j). (5.2) 

The 'hat' symbol means the derivative over corresponding quantity: X = d/dX. One should put the auxiliary variables 
(j, e) equal to zero at the very end of calculations. 

Performing the trivial transformation e — ► ie, e — > — ie of auxiliary variable we find at the limit 5a = that the 
contribution of x — extremum (minimum) gives expression: 

p(a, b) = -e~f ji (l - 4&j/a 2 r 1/2 e 2|e3 (5.3) 
a 
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and the expansion of operator exponent gives the asymptotic series: 



, M) = i£(- ir M(f!;r. 



n=0 



(5.4) 



This se ries is convergent in Borel sense. 

Eq.(5.5) can be considered as the definition of integral (5.1). By this reason one may put = from the very 
beginning. We will use this property. 

Let us calculate now p using the stationary phase method. Contribution from the minimum x — gives (3a = 0): 



The corresponding 'probability' is 



A(a, b) = e~ iji e 
1 

p(a,b) 



-±i 2 e *t* 3 f-) 1 / 2 , 
a 



Lip 2 ^p 3 2Lei 2 



This expression does not coinci de w ith ( |5.3|) b ut it leads to the same a symp totic series (5.4). 
To find the representation (5J5) from ( |5.3[ ) the transformation, see ( 3.12 ), 

S(m x + bx 2 + j) = e^' 6 "' ■ e +Mbx 2 + J )e ' s ^ a x + f) 



(5.5) 



(5.6) 



can be applied. Indeed, inserting this equality into (p.3| ) we find (5.5). The transformation (5.6) becomes evident from 
the Fourier transformation of J-function. Eq.(5.6) reflects the freedom in choice of the perturbation theory in vicinity 
of topologically-equivalent trajectories in functional space. 

• The solution Xj(t) of eq.(p^) we would search expanding it over j(t): 

x j {t)=x c (t)+ [ dt x G{t, t 1 )j(t 1 ) + ... 



This is sufficient since j(t) is the auxiliary variable, i.e. we assume that j is switched on adiabatically. In this 
decomposition x c (t) is the strict solution of unperturbated equation x + v'(x) = and G(t,t') must obey eq.(2.6). 
Note that the functional J-function in (4.17) does not contain the end-point values of time t = and t = T. This 
means that the initial conditions to the cq.(4.18) are arbitrary and the integration over them is assumed because of 
our definition of p. 

The (5-likeness of measure allows to conclude: 



S8. All strict regular solutions (including trivial) of classical (unperturbated by j) eguation(s) of motion must be 
taken into account. 

We must consider only 'strict' solutions because of strict cancellation of needless contributions when the i5-likeness 
of measure is derived. The i5-likeness of measure means that the probability p(E) should contain a sum over all 
discussed solutions. This is the main distinction of our unitary method of quantization from stationary phase method: 
even having few solutions there is not interference terms in the sum over them in p. 

Note that the interference terms are absent independently from solutions 'nearness' in the functional space. This 
reflects the orthogonality of Hilbert spaces builded on the various x c |2l| and is the consequence of unitarity condition. 

The solutions must be regular since the singular x c gives zero contribution on (5-like measure. 

• We offer following selection rule to define what contribution is significant on the sum over various orbits x c : 
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S9. In the sum over topologically nonequivalent trajectories one should leave the contribution defined in the highest 
factor manifold G/G if G is the group violated by given x c and G is the x c -invariance subgroup of G groupf^\. 

Indeed, summation over all solutions of classical equation of motion means necessity to take into account all 
topologically-cquivalent orbits x c also, i.e. means integration over parameters of factor manifold G/G. This naturally 
introduces integration over zero-mode degrees of freedom. The corresponding measure will be defined by mapping on 
the factor manifold G/G, i.e. without usage of the Faddeev-Popov ansatz. 

It is evident that in the sum over contributions of various x c we must leave largest, i.e. the term with maximal 
number of zero modes. This selection rule ||] presents our definition of the vacuum. 

• The (5-like measure defines the real-time motion only and is not applicable for tunnelling processes since reflects 
the (space-)time-local equilibrium of all forces. For instance, it excludes the 'kink' contributions for potential v(x) ~ 
(x 2 -a 2 ) 2 . 

This orbits belongs to the bifurcation line, using the terminology of Smale p5[ , i.e. the 'kink' contributions should 
be added to the contributions defined by our 5-like measure. Then, following to our selection rule, we should leave 
those contribution(s) which are proportional to the highest zero-modes volume. So, our definition of measure is rightful 
if the real-time contributions factor manifold have the largest volumep^. 

The explicit investigation of this condition is the nontrivial task in spite of its seeming simplicity (the volume of 
G/G is defined by classical solution only). Actually we should know (i) all classical orbits and (ii) show that G/G is 
stable. So, above selection rule gives the classification of mostly probable contributions only. 

It is evident that 



S10. The measure ( 4-16 ) admits the canonical transformations. 



This evidently follows from (5-likeness of measure. The phase space differential measure has the form: 



where 



DM(x,p) = 5{E + uj - H T {x)) 
op ox 



x ]Jdxdp5(x-^)6(p + ^-i), (5.7) 



2 

is the total Hamiltonian which is time dependent through j(t). 
We can introduce new pare (#, h) instead of (x,p) inserting 



Hj = \v 2 + v(x) - jx (5.8) 



1= J D6DhY[5(h-^p 2 -v(x))6(9 

dx{2{h~v{x)))- 1 ' 2 ). (5.9) 



It is important that both differential measures in (5.9) and (£3/1) are (5-like. This allows to change the order of 



integration surely and fi rstly integrate over (x,p). Calculating result one can use the ^-function s of (5.7). In this 



case the 5- functions of (5.9) will define the constraints. But if we will use the S- functions of (5.9) the mapping 
(x,p) — > (9, h) is performed and the remaining S- functions would define motion in the factor space. We conclude that 
our transformation takes into account the constraints since both ways must give the same result. 



27 Note, G may be wider then the actions invariance group. 

28 One can say in this case that the imaginary-time contributions are realized on zero measure. 
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We find by explicit calculations that: 



DM(fi, h) = 6(E + u- h(T)) JJ 5(9 - ^-)S(h + (5.10) 

since considered transformation is canonical, {h(x,p), 9(x,p)} = 1, where 

h j {9,h) = h-jx c {6,h)] (5.11) 
is the transformed Hamiltonian and x c (9, h) is the classical trajectory parametrized by h and 9. 

• The (9, h) parametrized solution obey the equation: 

dx c {9,h) 



i)9 



= Pc(0,h), 



see (|5.9|) . One should underline that only the non-trivial solution of this equation is considered performing mapping 
(x,p) — > (0,h). It is evident that for trivial solution x c — 0, p c — such transformation is impossible since the 
corresponding cotangent manifold is empty. 

The transformed perturbation theory presents expansion over 1/g if x c ~ 1/g, where g is the interaction constant. 
So, we wish construct the perturbation theory in the 'strong coupling' limit. But one should remind also that all 
solutions must be taken into account. This means that the perturbation theory for p(E) contains simultaneously both 
series over g (from trivial solution x c — 0) and over 1/g, i.e. the sum of week-coupling and strong-coupling expansions. 
According to our selection rule we should leave largest among then. 

On the cotangent bundle we must solve following equations of motion: 



and they have a simple structure: 



Sll. The Green function on the cotangent bundle is simple Q-function. 

Indeed, expanding solutions of eqs.( 5.1^ ) over j in the zero order we find 9q = to + t and ho = const. The first 



order gives equation for Green function g(t,t') 

g(t,t')=S(t-t'). (5.13) 
The solution of this equation introduces the time 'irrevercibility': 

g(t,t') = Q(t-t'), (5.14) 
in opposite to causal particles propagator G(t, i'ffl- But, as will be seen below, see 510, the perturbation theory with 



Green function (5.14) is time reversible. Note also, that the solution (5.14) is the unique and is the direct consequence 
of usual in the quantum theories ie-prescription. 

The uncertainty is contained in the boundary value g(0). We will see that g(0) = excludes some quantum 
corrections. By this reason one should consider g(0) ^ 0. We will assume that 

5(0) = 1 (5.15) 

29 Last one contains sum of retarded and advanced parts. 
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since this boundary condition to eq.(5.13) is natural for local theories. We will use also following formal equalities: 



g(t,t')g(t',t) = 0, l = g(t,t')+g(t',t) (5.16) 

considering g(t, t') as the distribution. 

• It is important to note that Im g(t) = on the real time axis. This allows to conclude that 
S12. The perturbation theory on the (h,0) bundle can be constructed on the real-time axis. 

Indeed, the ie-prescription is not necessary since, as was mentioned above in S2, the ^-functional measure defines 
a complete set of contributions. But for more confidence one may introduce the ie-prescription and, extracting the 
(5-function in the measure, one can put s = if the contributions are regular at this limit. 

One can point out the examples when e — is the singular point. 

(a) The Green function G(t,t') is singular at e = 0. The ie-prescription introduces the wave damping in this case. 

(b) The terms of perturbation theory are singular at e = even if the Green functions are regular. This singularities 
are connected with light-cone singularities of the real-time theories. 

(c) There is the tunneling phenomena. The ie-prescription is necessary to define a theory in the turning points (it 
is the usual WKB prescription). 



• Note now that dx c /d9 and dx c /dh in the r.h.s. of (5.12) can be considered as the sources. This allows to offer 
the statement: 

S13. The mapping on the cotangent bundle splits 'Lagrange' quantum force j on a set of quantum forces individual 
to each independent degree of freedom, i.e. to each independent local coordinate of the cotangent manifold. 
Indeed, the simple algebra gives (see Appendix B): 



poo 

R(E) = 2tt / dTe^ f 
Jo 

£SR J c dtQ h (t)e h {t)+je(t)e e (t)) 



xe 

DhD9e- lil{x ^- %VT ^ e ^8{E + oj - h{T)) 

l[S(h-j h )S(e-l-je) (5.17) 



x 

t 



Therefore, according to splitting j — > (jh,je) we must change e — > e c , where 

dx dx ~ a 

e c = e h — 2 - eg— ^ = (e h 9 - e g h)x c . (5.18) 
oO oh 

carry the symplectic structure of Hamilton's equations of motion, see ( pMC| ), i.e. e c is the invariant of canonical 
transformations. This quantity describes the flow ShX c /\ 5gp c generated by quantum perturbations through the bundles 
elementary cell. 

Hiding the x c {t) dependence in e c we had solve the problem of the functional determinants and simplify the 
equation of motion as much as possible: 

DM(h, 9) = 6(E + w- h(T) - h'(T)) 

x Yl dh(t)d6(t)6(h(t))5(9(t) - 1) (5.19) 
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and the perturbations generating operator 



~ i r T 

K=-(ujt+ / dtitft 2 e(*i-t2)(e A (ti)/»'(t2) 



-eo{ti)0\h)). (5.20) 



In Ut(x c , e c ) we must change h — » (ft + ft') and — > (0 + 0'). 
Noting that 

]JdX(i)5(X(t)) = y dX(0) = J dX 



we see that the measure ( 5.19 ) coincide with the measure of ordinary integrals over fto and tg. Last one defines the 
volume of translational mode. 

• Let us consider motion in the action-angle phase space. Corresponding perturbations generating operator has 
the form: 

K= \ [ dM'e(t'-t)(/(t)ej(t') + 0(t)e (*')) 
* Jo 

= kj + k^. (5.21) 

The result of integration using last <5-function is 

R(E) = 2ir f°° dTe- lk [ * J?£° e -«M*e,e.) (5.22) 
Jo Jo 

where 

uj = dh(l )/dl 
and I — Io(E) is defined by the algebraic equation: 

E = h(I). 

The classical trajectory 

x c (t) = x c {I Q {E) + I(t) - I(T), 4> +ut + </>(t)), (5.23) 

where 

u= \J dt'g(t,t')uj(Io + I(t')). 
The interaction 'potential' Vr depends from 

dx c dx c 
~dl 



One can note that eq.(5.31) contains unnecessary contributions. Indeed, action of the operator 

T 

dtdt / Q(t-t')e I (t)I(t') 



on H(x c ; t), defined in ( 4.24 ), leads to the time integrals with zero integration range: 

/ dte(T - t)Q(t - T) = 0. 
Jo 



(5.24) 
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This simplification was used in ( 5.21 ) and ( 5.22 ) . 

The operator K is linear over eu, ej. The result of its action can be written in the form: 



R(E) =2ir dT 



o <»{&) 



0_ . -iU T (x c ,e c /2i) . 



(5.25) 



where 



i dx c 
■■3* W -Ji- 



dXr 



(h 1 - jifyxc 



since 



Jx(t) 



dt'6(t-t'){${t')J(t)}x c (t) 



dt'9(t-t')X(t'), X = (p,I. 



(5.26) 



(5.27) 



The colons in (5.25) means 'normal product': the differential operators must stay to the left of all functions in 
expansion over commutator 

{$(t')J(t)} = $(t')i(t)-i(t')4>(t). 

Now we are ready to offer the important statement: 



514. If the eqs.(5.14, 5. It, 5.16) are hold then each term of perturbation theory in the invariant subspace can be 
represented as the sum of total derivatives over the subspace coordinates. 

This statement directly follows from definition of perturbation generating operator K on the cotangent bundle 
(5.20) and of translationally invariance of the cotangent manifold in the classical approximation. The proof of this 
statement is given in Appendix C. 

We can conclude, contributions are defined by boundary values of classical trajectory x c in the invariant subspace 
since the integration over Xo is assumed, see (5.22), and since contributions are the total derivatives over Xq. 

• One can observe following new phenomena: 

515. The quantum corrections to angular variables are canceled if the classical motion is periodic. 
If x c is the periodic function: 



x c {I Q {E) + I{t) - I(T), (0o + 2tt) + nt + 4>{i)) = 

x c (i (E) + i(t) - i(T), O + nt + 4>(t)). 

this statement is elementary consequence of 510 and is the result of averaging over </>o, see eq.( 5.22| ). 
We would like to note now that, generally speaking, 



(5.28) 



S16. The transformed measure can not be deduced from direct transformations of path integral )■ 

Let us consider now the coordinate transformations. For instance, the two dimensional model with potential 

v = v{{x\ + 1E2) 1 / 2 ) is simplified considering it in the cylindrical coordinates x\ — rcoscj), X2 — rsin</>. Note, this 

transformation is not canonical. 

Starting from flat space with trivial metric tensor g^ v and inserting 



1= / DrD<j)W_5(r - Jx\ + ~x\)5{<j> - arctan — ) 



(5.29) 
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we find the measure in the cylindrical coordinates: 

D {2) M(r, <j>)=5{E + u- H T (r, 4>)) x 
Y[drd^r 2 (t)6(r- <j) 2 r + v'(r) - Jr )6(d t {<Pr 2 ) - rj ), 



(5.30) 



where v'ir) = dv{r)/dr and j r , j$ are the components of j in the cylindrical coordinates. 
The perturbation generating operator has the form: 

K(j,e) = Ucor + Re f dt(j r (t)e r (t) + u(t)e,p(t))} 

and in Ut{x, e) we must change e on e c with components 

e c ,i = e r cos 4> — re^ sin </>, e Cj 2 = e r sin <j) + re^ cos (f>. 



(5.31) 



(5.32) 



Note, was arise in product with r. To find ( 5.31 ) and ( 5.32 ) one can use ( 3.27 ) 

The transformation looks quite classically but the measure (5.3C) and perturbation generating operator ( |5.31 ) can 
not be derived by naive coordinate transformation of initial path integral for amplitude. This becomes evident noting 
that transformed representation for pi (E) can not be written in the product form ~ AA* of two functional integrals. 

Indeed, P\{E) has not the factorization property because of the mixing of various quantum degr ees of freedom 
when the transformation was performed. This is seen explicitly calculating pi(E) with the measure (5.30) and the 
perturbations generating operator (5.31): 



n 



r 2 drd(f) 



/■CO 

Pl (E) = Air / dTdTe 2lEr 
Jo 

de r de 4> e lST+Ax+e) - lST - Ax ~ e) 



xe 



-2m J dt[ 



i5S T (x) _ SS T (r,4>) 



SS T (r,4>) 



(5.33) 

where the action of exp{— iK} was performed. It is assumed that all quantities in this expression are written in the 
cylindrical coordinates. 

Introducing the 'main' variables r± = r ± e r , <f>± — <f> ± and T± =T±rwe can see easily that (5.33) can not 
be factorised onto product of two path integrals. For instance, 



nr 2 drd(p -r-r, 2 dr + d(j)+ dr_d(j)- 
2 — derde,/, = [[{r+ + r_) 



2?r 



2- 



dr + d(f> + -r-r dr-d<j)- 
}{[[r 



2tt 



2tt 



(5.34) 



t t 

Note, we can introduce also the motion in the phase space with Hamiltonian 

1 I 2 

Hj = ^p 2 + ^2 + w ( r ) ~ i rT ~ 

The Dirac measure becomes four dimensional: 



D (4) M(r, <j>,p,l) = S(E + lu - H T ) 

x T\dr(t)d4>(t)dp(t)dl(t) 

i. 

r/- dH 3s S tl dH 3\sf dH 3\sri dH U 



dp 



(5.35) 
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Note absence of the coefficient Y[ t" 2 (t) in this expression. 

It is interesting also to hnd the measure starting from the curved space with the Lagrangian 

L = \gAyWy v -v{v) (5-36) 

It is enough to consider the kinetic term only since, to find the Dirac measure, we should extract the odd over e terms 
from the 'closed-path' action St{v + e) — St(u ~ e). This procedure is 'trivial' for potential term. The lowest over e A 
part of the kinetic term have the form: 

Hg^r+r^rr}- (5.37) 

Therefore, the quasiclassical approximation is restored. 

To find the quantum corrections we should linearise at least the 0(e 3 ) term in the exponent 



exp{3? J ' dtgx^e^e"}. 



using (3.27). This is possible noting that 

e^Oe^VW = e»(t')5^d t ,5(t - t') = e»5{t - t'). 



In result, 

DM(y) = y/\g(y + e) \ \g(y e)\ [] [] dy x 5(g^y» 

A t 

+rx,^y u + vx(y)-jx). (5.38) 

where V\(y) = d\v(y) and T\ tfiv is the Christoffel index. The perturbations generating operator K and the weight 
functional V(y; e) have the standard form. 

• Note, above consideration shows that the mechanical systems quantization in the space of nontrivial topology 
crucially depends from the way as the metrics is introduced. 

6 H-atom problem 

We will calculate the integral: 

pi(E)= [ dTe- ik{ ^ e) [ DM{p,l,r,(p)e- iUT(r > e \ (6.1) 



Jo J 

where pi(E) is the probability to find a particle with energy E, i.e. we should find Q that normalized on the zero- modes 
volume 

Pl {E) = 7T J2 *( E ~ E n), (6-2) 
n 

where E n are the bound states energies. For iJ-atom problem E n < 0. This condition would define considered 
homotopy class. 

Expansion over operator 

1 " T 



K(j,e) = -J dt{j r e r +j v e v ), X{t) = S/SX(t), (6.3) 
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generates the perturbation series. It will be seen that in our case we may omit the question of perturbation theories 



convergence. 

The differential measure 



DM(p,l,r,tp)=S(E-H ) 
xY[dr(t)dp(t)dl(t)d(p(t) 



i. 



with total Hamiltonian (Hq = H 



j\j=o) 



1 I 2 I 



allows perform arbitrary transformations because of its i5-likeness. The functional 

U T (r,e) = -s (r) + 

dt{ 



T 1 



((r + e r ) 2 + r 2 e2)V2 

' 2^] (6.6) 



(( r _ er )2 +r 2 e 2)l/2 

describes the interaction between various quantum modes and So(r) defines the nonintegrable phase factor |^|. The 
quantization of this factor determines the bound state energy (see below). Such factor will appear if the phase of 
amplitude can not be fixed (as, for instance, in the Aharonov-Bohm case). Note that the Hamiltonian ([T^) contains 
the energy of radial j r r and angular j v <p excitation independently. 

We would like to offer following general method of mapping. It is important start from the assumption that the 
invariant subspace has symplectic structure of cotangent manifold T*G and its farther possible reduction to linear 
subspace W (dim(T*G) > dim(W)) would be realized as the reduction of quantum degrees of freedom^]. 

Therefore, the first step of mapping consist in demonstration that 

S17. The classical trajectories belong to T*G completely. 
Let 



A = y n^V( r - r c(£, n))8(p -Pcfot})) 



be the functional of known functions (r c ,p c , tp c , Z c )(£, where (£, rj) are two-vectors. It is assumed that one can find 
such functions , 77) (i ) at given (r, p, if, I) (t) that the functional determinant 

dr c 
drj 



Ac=/n^v(^-e+^-.-) 



x5( f ■f+HH* ' (6 ' 8) 



30 This reminds the classic reduction phenomena since the 'quantum reduction' arise if additional degrees of freedom of T*G are the 
irrelevant variables for classical flow. 
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Note that this is the condition for (r c ,p c , ip c , l c )(£, if) only since one can choose (r,p, if, l)(t) in eq.(6.7) in an arbitrary 
useful way. 

To perform the mapping we should insert 

1 = A/A c 



into (6.1) and integrate over r(t), p{t), <f{t) and l(t). In result of simple calculations (see Appendix D) we find that 

(6.9) 



— Flh ■ flh 



It is the desired result of transformation of the measure for given 'generating' functions {r c ,p c ,ip c ,l c ){^,ri). In this 
case the 'Hamiltonian' hj(^,r]) is defined by four equations ( p.3| ). But there is another possibility. Let us assume that 

hj(£,r]) = Hj(r c ,p c ,(p c ,l c ) (6.10) 

and the functions (r c ,p c ,if c ,l c )(£ t ,r]) are unknown. Then cqs.( |D.3| ) are the equations for this functions. It is not 
hard to see that the eqs.(D.3) simultaneously with equations given by 5-functions in (6.9) are equivalent of incident 
equations if the equality (6.10) is hold. So, incident dynamical problem was divided on two parts. First one defines 
the trajectory in the W space through eqs.(D.3). Second one defines the dynamics, i.e. the time dependence, through 
the equations in arguments of ^-functions in the measure. 

• Therefore, we should consider r c , p c , ip c , l c as the solutions in the £, 77 parametrization. The desired parametriza- 
tion of classical orbits has the form (one can find it in arbitrary textbook of classical mechanics) : 



(rji + rfc) 1 / 2 + 772 cos£i 
772 sin£i 



, fc 



£1, 



At the same time, 



2(77 



2" — 2TT72 ~ > rc ~ = h ^ ~ 3 rVc ~ 
1+V2) 1 



(6.11) 



(6.12) 



Note that £2 is the irrelevant variable for classical flow ( 6.11 ). This conclusion hides the assumption that the space is 
flat and homogeneous. So, the external field would violate our solution. 
Noting that the derivatives over £ 2 are equal to zeroF] we find that 



DM{£, ??) = S(E - h(T)) {J d 2 £dV(6 



where 



1 • c \ 
v dv 

OT}2 Oi\ 



uji = dhj dr]i 



(6.13) 
(6.14) 



are the conserved in classical limit j r = j v = 'velocities' in the W space. 

Now we can show the example of reduction of quantum degrees of freedom. We can conclude that 

S18. The dynamical variable stay the c-number if it has not the canonically conjugate pare. 



31 To have the condition (6.8) we should assume that dr c /d^2 ~ £ ^ 0. We put e = at the end of transformation. 
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We see from ( |6.13| ) that the length of Runge-Lentz vector is not perturbated by the quantum forces j r and j v . To 
investigate the consequence of this fact it is useful to project this forces on the axis of W space. This means splitting 
of >, 3<p on j 5 , j v . The equality 



2 

xe J o 



dr 

i £ itiretldre/8ni I[5(£ 1 -u 1 +jt 1 ) 



(6.15) 



becomes evident if the Fourier rep resen tation of 8- function is used, SI 3 (see also Jul). The sa me tra nsformation of 
arguments of other 8- functions in ( 6.13 ) can be applied. Then, noting that the last 8- function in ( 6.15 ) is source- free, 
we find the same representation as (6.1) but with 



(6.16) 



K{j, e) = / dt(j^ e Sl + fe 3 e <2 + j m e m ) , 
Jo 

where the operators j are defined by the equality: 

jx(t) = / dt'9(t-t')X(t') 



and 9(t ~ t') is the Green function of our perturbation theory |16| . 
We should change also 

dr c dr c dr c 



in the eq.( |6.6D . The differential measure takes the simplest form: 

DM{£,r))=8{E-h{T)} 

x J]d 2 ^V(£i - wi - & - wa - jfo) 
t 

x«Wi-i,JW. (6-19) 
Note now that the £, 77 variables are contained in r c only: 

r c = ^(£1,771,772). 

This means that the action of the operator gives identical to zero contributions into perturbation theory series. 
And, since e^ 2 and are conjugate operators, see ( 6.16 ), we can put 



e «2 



(6.17) 



(6.18) 



hi = H2 = 0. 



This conclusion ends the reduction: 



dr c _ drc_ 



(6.20) 
(6.21) 
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The measure has the form: 



DM(£, 77) = S(E - h(T))d£ 2 di] 2 
x [] dtidfrSfo - u>x - j 6l )6(fn - Jm ) (6.22) 



since Ut — Prffoeod) is £2 independent and 



Y[dX(t)S(X) = J dX(0). 



One can see from ( 3.22| ) that the reduction can not solve the H-atom problem completely: there are nontrivial 



corrections to the orbital degrees of freedom £1,771. By this reason we should consider the expansion over K. In result 
we will see that 

SI 9. The quantum corrections may give zero contributions if the interactions disappeared on the bifurcation line. 



Using last (5-functions in (6.22) we find, see also [|16| (normalizing pi(E) on the integral over £2): 

P( E )=J o dTe~ lk{3 ' e) J dMe- lUT ^' e \ (6.23) 

where 

dM = d ^p\. (6.24) 



The operator K(j, e) was defined in (6.20) and 

i-T 



U T (r,e) = -s (r)+ I dt[ ' 



{{r c + e c ) 2 + r^) 1 / 2 

' 2-] (6.25) 



{{r c - e c ) 2 +r2 e | i ) 1 /2 r 



with e c defined in (3.21) and 

r c (t) = r c ( m + v(t),m(E, T), 6 + w x {t) + £(*)), 

E = h( m+V (T),fj 2 ), (6.26) 

where f]2(E,T) is the solution of equation E = h. 
The integration range over £1 and 771 is as follows: 

dW c ■ < £1 < 2vr, - 00 < 771 < +00. (6.27) 

First inequality defines the principal domain of the angular variable ip and second ones take into account the clockwise 
and anticlockwise motions of particle on the Kepler orbits, |?7i| =00 is the bifurcation line. 
We can write: 

p{E) = I dT I dM: e ~ iv ^' S) : (6.28) 



since the operator K is linear over e^e^. The colons means 'normal product' with operators staying to the left of 
functions and V(r c ,e) is the functional of operators: 

~ dr c - dr c 



39 



Expanding Ut{t c , e) over e c and e m we find: 

-so(r c ) + 2 ^ C„ iTO / 

n+m>l ^° 



(7 T (r c ,e) = -s (r c ) + 2 > ^ C n>m / c 2ra+2 m , (6.30) 



where C„ im are the numerical coefficients. We see that the interaction part presents expansion over l/r c and, therefore, 
the expansion over V generates an expansion over l/r c . 
In result, 

p(E) = J°° dT J dM{e* s °^ + 

+S m (ei,?7i)}- (6-31) 

The first term is the pure quasiclassical contribution and last ones are the quantum corrections. They can be written 
as the total derivatives: 

B ^ = Wi k - B ^ = ~k K - (6 - 32) 

This means that the mean value of quantum corrections in the £i direction are equal to zero: 

f-271 



Jo <?Si 



since r c is the closed trajectory independently from initial conditions, see Sib. 
In the rji direction the motion is classical: 



(6.33) 



dVi— b m(ZuVi) = (6-34) 



d_ 

dvi 

since (i) b m is the series over \ jr\ and (ii) r c — > oo when 1 77X | — ► 00. Therefore, 

p{E)=J^ dT J dMe lSo{r " ] . (6.35) 

This is the desired result. 
• Noting that 

s (r c ) =kSx(E), fc = ±l,±2,..., 
where Si(E) is the action over one classical period T\: 

dSi(E) 

-dE~- Tl{E) ' 

and using the identity 

—00 —00 
we find normalizing on zero-modes volume, that 

p{E) =k^5{E + l/2n 2 ). (6.36) 
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7 sin-Gordon model 

Our aim is to calculate the integral: 

p 2 ( q )=e- ik< J,e) I DM{u lP )\T{q-u)\ 2 e lsa ^ lU{u ^\ (7.1) 



where T(q\u) was defined in (2.3). The time integrals would be defined on the Mills time contour |37| to avoid the 
mass-shell singularities of the perturbation theory. 
In this expression the expansion over operator 



K(j, e) = hst ( dxdt ' 
2 JCi 



c+ 5j(x,t) Se(x,t) 

l ft I dxdtj(x,t)e{x,t) (7.2) 
Jc+ 



2 



generates the perturbation series. We will assume that this series exist. The variational derivatives in ([7j) are defined 
as follows: 

6</>(x,teCi) =s .. s(x _ x > )6(t _ t > ) 

The auxiliary variables (j, e) must be taken equal to zero at the very end of calculations. 
The functionals U(u, e) and sq(u) are defined by the equalities: 

[/(it, e) = (V{u + e)~ V(u - e)) 

-25R / dxdte(x,t)v'(u), 
Jc + 

s (u) = {S (u + e) - Sq(u - e)) 

+25R f dxdte{x,t)(d 2 +m 2 )u{x,t) 1 (7.3) 
Jc + 



where So(u) corresponds to the free part of Lagrangian (2.20) and V(u) describes interactions. The quantity Sq(u) is 
not equal to zero since soliton configurations have nontrivial topological charge (see also ||). 
Considering motion in the phase space (u,p) the measure DM(u,p) has the form: 

DM (u, p) = Y[ du ( x - t)dp(x, t) 

X,t 

op ou 



with the total Hamiltonian 



/l 1 m 2 

dx{-p 2 + -{d x uf - -^[cos{\u) - l]-ju}. (7.5) 



The problem will be considered assuming that u{x 1 1) belongs to Schwarz space: 



2tt 

u{%,t)\\x\=<x> = (mod— ). (7.6) 



This means that u(x, t) tends to zero (raod 2 ^-) at |x| — > oo faster then any power of l/|x| 
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The measure (7.4) allows to perform arbitrary transformations. But, as was explained in Sec., the canonical 
transformations are essential since they conserve the form of equations of motion and help to define the quantum 
degrees of freedom in the W space, see S. 

Hence, assuming that this transformation exist fl36| , one may propose that 

S21. The N-solitons functional measure in the W space has the form: 

D N M(tr 1 ) = l[d N at)d N v(t) 



where hj is the transformed Hamiltonian: 



=hN(f])- / dxj(x,t)u N {x;£,,rj) 



(7.7) 



(7.8) 



and un(x;£,t]) is the ./V-soliton configuration parametrized by (£,?7). 

The proof of eq.( |7.7[ ) is the same as for considered above Coulomb problem. But the case of (1 + l)-dimensional 
space needs additional explanations. First of all one must introduce 



A(«,p)= / ]Jd N {;(t)d N v(t) 
J t 

Y[ S(u(x, t) - u c (x; f , T]))S(p(x, t) - p c (x; £, rj)) 



(7.9) 



This distribution is infinite. But this infinity is formal because of disappearance of the determinant of transformation 
A(u c ,p c ) in the final result iff the Poisson brackets: 



{u c (x,t), hj} 



5Hi 



5p c (x,t) 



, {p c (x,t),hj} 



SHi 



Su c (x, t) 



(7.10) 



or, using definition (7JS), iff 



{u c (x;£,T]),u c (y;(„ii)} 

= {Pc(x;£,v),Pc(y;£,,v)} = 0, 
{u c (x;£,,v),Pc(y;£,v)} = S(x - y) 

are hold. For more confidence one can introduce the cells in the rc-space 
sufficient conditions for considered mapping 

J: {u,p}(x,t)^{C,r]}(t) 
with local coordinates (£, rf) defined by the equations: 

dhj 



drj ' ^ 



OH 



(7.11) 



Eqs. (7.11) are the necessary and 

(7.12) 

(7.13) 



Eqs. (7. 11, 7.13) must be considered simultaneously. 
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• The eqs.(7.1C) fulfilled for arbitrary j(x, t). Therefore, the quantum perturbations should not alter the Poisson 
brackets algebra. In our terms this means that the quantum force j(x,t) excites the (£,??) manifold only, leaving 
the topology of classical trajectory (u,p) c unchanged. So, since the complete set of canonical coordinates (£,rf) for 
sin-Gordon model is known, see e.g. J36|, we can use them immediately. 

The classical Hamiltonian h is the sum: 

t , N 

h{rj) = / dpa(r) Vr 2 + m 2 + ^ h{m), (7.14) 

i—l 

where cr(r) is the continuous spectrum and h(rf) is the soliton energy. Note absence of interaction energy among 
solitons. 

New degrees of freedom (£, rf)(t) must obey the equations (??): 



& = (J(Tfr) - J dxj{x,t) — , 

^ = Jdx j{ x,t) d -^^, = (7-15) 

Hence the source of quantum perturbations are proportional to the time- local tangent vectors duj^(x;^,rf)/dr)i and 
duisr(x;£,r))/d£i to the soliton configurations. It suggests the idea to split the 'Lagrange' sources: j(x,t) — > {j^,j v )- 
This leads to new weight functional C/(ujv; e^, e^) and new perturbations generating operator K{e^, e v ;j^,j v ). 
In result: 

p 2 (q) =J2 e -iK(H^m,jv) 

N 

x / D N M{£ n r 1 )e lsa{uN) e- lU ^ N -' e ^ e ^\T{q-u N )\ 2 (7.16) 



where, using vector notations, 



K(e i ,e v ;j 6 ,j 7l ) = lRe I dt{j 6 (t) ■ e c (t) +j v (t) ■ e„(t)}. (7.17) 



The measure takes the form: 

JV 



The effective potential 



with 



D N M(t,r 1 ) = Y[Y[dC l (t)d m (t) 

i=i t 

x6(ii -u(jh) -JtMMVi -JvAt)) (7-18) 
2m 2 f 

U(u^;e^,e v ) — — / dxdt sin Aujy (sinAe — Ae) (7.19) 

/ ,n M du N (x;£,r}) du N (x;£,r]) 
«(M) = e s (i) • ^ - e v (t) ■ m . (7.20) 
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Performing the shifts: 



Vi{t) -> rn(t) + / dt'g(t - t')j^(t') = m (t) + rtfi), (7.21) 



we can get the Green function g(t — t') into the operator exponent: 

k(e i ,e v ;j i ,j v ) = ~ [ dtdt'Q(t - *'){£'(*') • e e (t) 



+7?'(t') • e„(*)}. (7.22) 



since the Green function g(i — i') of eqs.( 7.15 ) is the step function: 

g(t-t')=B(t-t') (7.23) 

Its imaginary part is equal to zero for real times and this allows t o shi ft C± to the real-time axis. Note the Lorentz 
noncovariantness of our perturbation theory with Green function (7.2S). 
In result: 

N 

D N M(^ V ) = ]J]JdUt)d Vl (t)5(i l -cj(r 1 + V '))S(i) t ) (7.24) 
i=i t 

with 

u N = u N (x;£ + ?,r) + r)'). (7.25) 

The equations: 

ii = u(rn + rf i ) (7.26) 

are trivially integrable. In quantum case n^ 7^ this equation describes motion in the nonhomogeneous and anisotropic 
manifold. So, the expansion over (£', eg, if , e^) generates the local in time fluctuations of W manifold. The weight 
of this fluctuations is defined by U(un', ej, e v ). 
Using the definition: 

DxS(x) = I dx(0) = / dx 



functional integrals are reduced to the ordinary integrals over initial data (£,77)0- This integrals define zero modes 
volume. Note once more that the zero-modes measure was defined without Faddeev-Popov anzats. 

The proof of ( |2.23| ) we would divide on two parts. First of all we would consider the quasiclassical approximation 
and then we will show that this approximation is exact. 

This strategy is necessary since it seems to important to show the role of quantum corrections noting that for all 
physically acceptable field theories^ p nm = in the quasiclassical approximation. We would like to show that 

S22. The exactness of quasiclassical approximation is the necessary and sufficient condition to have ( 2.2^) in the 
model fldj ). 

Note, this statement is not evident from the unitarity condition. 

32 It is natural to assume that the fields should tend to zero at tToo |56[. 
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The iV-soliton solution un depends from 27V parameters. Half of them N can be considered as the position of 
solitons and other N as the solitons momentum. Generally at \t\ — > oo the un solution decomposed on the single 
solitons u s and on the double soliton bound states Ub pc{ : 

711 712 

u N {x,t) = ^ u a> j(x, t) + ^2 u b,k(x,t) + 0(e~l*l) 

3=1 k=l 

Note that this asymptotic is achieved if — > oo or/end r\i — > oo. Last one defines the befurcation line of our 
model. So, the one soliton u s and two-soliton bound state ui, would be the main elements of our formalism. Its (£, 77) 
parametrizations confirmed to eqs.(7.10, 7.11) have the form: 

4 A 2 

u s (x; £, 77) = — — arctan{exp(mx cosh/377 — £)}, = — (7.27) 
A 8 

and 



4 , 13m mssinh^i cos ^1 _£ 

-- arctan{tan P -f 2 , 2 ] 2 }. (7.28) 

A 2 mx cosh ^-sin^f - £1 

The (£,77) parametrization of solitons individual energies h(rj) takes the form: 

h <>( r l) = -rCosh/3?7, /i b (?7) = — cosh-— sin — > 0. 
p p 2 2 

The bound-states energy hb depends from 772 amd 771. First one defines inner motion of two bounded solitons and 
second one the bound states center of mass motion. Corre spond ingly we will call this parameters as the internal and 
external ones. Note that the inner motion is periodic, see ( 7.28j ). 
Performing last integration we find: 

N 

i(«jv) 



AT J A 1 



N " i=l 

xe- lU(uN ^' e ^\T{q:u N )\ 2 (7.29) 

where 

u N =u N (r] + r)',Z +uj(t) + Z'). (7.30) 

and 

u(t) = J dt'6{t-t')u3{rfy+rf){t') (7.31) 
In the quasiclassical approximation £' = 77' = we have: 

un = u n {x;t] ,£q + uj(r) )t). (7.32) 

Note now that if the surface term 

tf^(e i9 \jv) = (7.33) 
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then 



d 2 xe iqx (d 2 + m 2 )u N (x,t) 

= -{q 2 - to 2 ) J d 2 xe iqx u N (x, t)=0 (7.34) 

since q 2 belongs to mass shell by definition. The condition ( 7.33| ) is satisfied for all <? M ^ since un belong to Schwarz 
space (the periodic boundary condition for u(x,t) do not alter this conclusion). Therefore, in the quasiclassical 
approximation (2.23) is hold. 

Expending the operator exponent in ( 7.2S ) we find that action of operators f/' create terms 

~ J d 2 xe lqx 6{t - t')(d 2 + m 2 )u N {x : t) ^ (7.35) 

This ends our proof. 

• Now we will show that 

S23. The quasiclassical approximation is exact in the soliton sector of sin- Gordon model. The structure of the 
perturbation theory is readily seen in the 'normal- product' form: 

N 



N J i=l 



where 



and 



<9ujv - 8un duN 
jx = I dt'Q(t-t')X(t') 



(7.36) 
(7.37) 
(7.38) 



with 2iV-dimensional vector X — (£,T])- In eq.(7.37) f2 is the ordinary symplectic matrix. 

The colons in (7.36) mean that the operator j should stay to the left of all functions in the perturbation theory 
expansion over it. The structure (7.37) shows that each order over jx ( is proportional at least to the first order 
derivative of un over conjugate to Xi variable. 

The expansion of ( 7.36| ) over jx can be written using 510 of |l6|in the form (omitting the quasiclassical approxi- 
mation) : 

/N 2n n 

HWvoUYsg^Px^)}' ( 7 - 39 ) 



A' 



where Px^un) is the infinite sum of 'time-ordered' polinoms (see |l6|]) over un and its derivatives. The explicit form 
of Pxi{ux) is complicated since the interaction potential is nonpolinomial. But it is enough to know, see (7.37), that 



3vl 

CAi 



N 



0j 



Therefore, 



P2(q) = 



(7.40) 
(7.41) 



46 



since (i) each term in (7.39) is the total derivative, (ii) we have (7.4C) and (iii) un belongs to Schwarz space 



We can conclude that the equality (7.41) is not hold iff 



^0 at X e aW s , (7.42) 



where the boundary dW s is the bifurcation line of the invariant subspace. 

In our consideration, in accoradance to our selection rule, the continuous spectrum contributions are absent since 
they are realized on zero measure ~ {volume of W^} -1 ). 

8 Differential measure on T*G\ x R 5 
ddd 

The general properties of quantum dynamics of the massless scalar fields in the 

W = 0(4,2)/0(4)xO{2) 
factor space would be described. We start calculations from the integral: 

P2{q) = e- iJ ^» / DM(u)\T( q ,u)\ 2 e^ u ^\ (8.1) 



where the Dirac measure 

DM{u) = Y[du(x,t)S(d 2 u(x,t) + gu 3 {x,t) - j(x,t)) (8.2) 
defines a complete set of contributions and 

T(q,u) = J d 3 xdte iqx dlu{x ,t). (8.3) 

for this theory. The expansion of operator exponent e~ lK , 

K(j,e) = i J d 3 xdtj(x,t)e(x,t) : (8.4) 

means the expansion in vicinity of zero of auxiliary variables j and e. This allows to start from the unperturbated 
equation 

d 2 u + gu 3 = (8.5) 



finding the contributions into integral (8.1). 



The Green function is si ngu lar on the light cone and to avoid this singularity the ie-prescription should be used. 



This imply continuation of (8.1) into the space of complex fields. Nevertheless we simplify notations considering 

U(u, e) = 2 5 5R / d 3 xdtu{x)e 3 {x) (8.6) 



+ 



to describe the interactions since the mapping into the Wq space would be considered. 
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We will take into account following solution of (3.5) (see [[38) and references cited therein): 



m 



) 2 r 1/2 = o(i/v?), 



(8.7) 



-(2 



where xq, I are the 4-vectors. Note, this solution of eq. (|8.5| ) is 0(4) x 0(2) invariant [|38[ , It is assumed in ( p.7|) that 

= +l/rjl > 0, P = 1, (8.8) 

i.e. 1 / r/2 is the time scale. Then <f> is the 8 parametric function. 
The Wo space we define by the conditions: 



oo > rjl > 0, 1 772 1 < 00, |£K ,ju ] < 00 



(8.9) 



Note, if becomes imaginary if is negative. By this reason the region r/f < would not be considered. Therefore, 



dW c 



{771 = 0, +00, 7/2 = ±00, x ^ = ±00}. 



(8.10) 



Note, The integrals over ip(x) becomes singular at 771 = 0. To avoid this unphysical singularities the ie-prescription 
was preserved, see 



Note, the naive insertion of (8.7) into ( |3.3| ) gives p^{q) = if ^ 0. It will be shown that the quantum corrections 
gets to p 2 ^ 0. 



The parameter 771 defines the scale of <p. Considered solution flS.7| ) has following asymptotics: 



at rji/\x\ 







(8.11) 



and 



(x) ~ — at T]i/\x\ — * 00. 

m 



.12) 



We will see that the asymptotics (8.11) leads to divergences in the perturbation series. Following to estimations 
( |S.ll 8.12) 771 = 00 defines the 'ultraviolet' region over x and the 'infrared' region over x correspond to 771 = 0. 
Therefore, our perturbation theory would contain the ultraviolet divergences and be the infrared stable. 
The quantum corrections are defined on the boundary dWo, see S14, and p2(q) ^ if 



Noting (8.7) and (8.10) one may expect that p2(q) 7^ since 

Mp|infd ?)1 VIW 



.13) 



(8.14) 



in contrast to Coulomb problem and sin-Gordon model, where the intersection of 'fields' set with boundaries was 
empty. 

Note, other directions in the Wq space did not give the contributions since 



W)f}d m Wo = 



.15) 
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The expected nontrivial result P2{q) 7^ we interpret as a consequence of broken scale symmetry since its appearance 
is connected with non-emptiness of the d m Wo boundary. Certainly, the more careful analysis is needed for this 
conclusion. 

With definition (3.9) the classical fields energy: 

hM = J d?x{\{d^f + i(90) 2 + i# 4 } 

' =%a)>0 (8.16) 



is the well defined conserved quantity. Note, the classical fields energy h c — > 00 at r\\ — ► 0, but the renormalization 
procedure would 'hide' this divergences. Note, the singularity at 771 = is the point of bifurcation. 
Other properties of 4> one can find in pi| . 

• In the phase space the measure ( |8.2[ ) has the form: 

m £ TT 

DM(u,p) = TT du{x, t)dp(x, t)S(u - Z-i)6(p + ( 8 - 17 ) 
■ L - L op ou 



where the total Hamiltonian 



H 3 {u,p) = J d 3 x{±p 2 + l -{duf + \gu± - ju} (8.18) 



includes the energy of quantum excitations ju. 
We want to show that 

S24- The mapping on the Wo manifold gives 

DM(£,n) = d 3 x d 3 lS(P - l)dM(6(0) - 6(0)) 



x JJ d^(t)d 2 rmS 2 U - ^)5 2 (f, + ^l) (8.19) 



t 



if u = u c , where (Iq — ±yT+ l/f?|) 



< 1t\ 1 J\uJ2 r 21 2 2 , e 2/-? ^ \2\2 



+4w^(f 6 - J72W 2 f- (f - xq)) 2 }- 1 / 2 , (8.20) 
Here ftj is the transformed total Hamiltonian: 

= Hj(u c ,p c ) = h c (rf) - J d 3 xju c , p c = u c . (8-21) 

and the 'velocities' 

d 

^i(vi,m) = Q^-hc(m>m)- (8-22) 

was introduced. 



The function u c , defined in (|8.20| ), is the solution of incident eq. (|8.5| ) if (£, rj) obey the equations 

• dhj dhj 

6, = ^, m = -^, . = 1,2, (8.23) 
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and the boundary condition 

6(0) = 6(0) (8.24) 



is applied. One can check this easily inserting into (S.20) the solutions of eq.( [S.23| ). The same is seen solving the 
equation 

8H.j(u c ,p c ) . 
{u c , hj} = — J — , p c = u c , (8.25) 



where {, } is the Poisson bracket in the (£, rf) phase space. 

The proof of 524 repeats calculation of measures for Coulomb problem and sin-Gordon model. But it must be 
shown to find (8.20) how the constraints can be included into formalism. 

Let us consider for this purpose 



Y[S(u(x, t) - u c (x;£,rj))6(p(x, t) -Pc(x;£,rj)) 



x 

x,t 

xF(t,rj) (8.26) 

with some known functions (u c , p c ) of two n-dimensional vectors (£, 77). The functional F(£,rf) was introduced to 
take into account the constraints. We will specify it below. 

It is evident that A F ~ JJ x S- functions, i.e. is the distribution. So, it must be defined on the 'good' (Schwartz) 
support. This means that the continuum of equations 

u(x, t) = u c (x; £, 77), p(x, t) = p c (x; £, 77) 

should have, independent from x, 2n nontrivial solutions for (£,T)). Then, expanding arguments of 6- functions near 
this solutions (£ c , Vc) we find: 



A F (u,p) = F&r,) J Y[didrj 



Deriving this equality we assume that the functions (u c ,p c ) obey the condition 

dct(du c ,dp c ) ^ 0. (8.28) 

This means that A F ~ E[x^(0)- To regularize this quantity one can divide the x space onto n cells p6[ . One can 
consider also the <5-functions of (8.27) as the limit of Gauss distribution functions, 

*(...) =lim&(...) 

and put e = at the very end of calculations. Note, (£, rj) in ( |S.27| ) are arbitrary functions of t. 
Inserting 

l[dt(t)dr)(t) 



A F (u,p) 

l[8(u-u e )6(p-p e )F({,ri), (8.29) 



x 

x,t 
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where Af(u,p) was defined in (8.27), and integrating over (u,p) we find the measure: 

FtfcVc) * dr) )0{r > d£ 



DM(^r ] ) = ]l^(t)dr 1 (t)^^d(i-^)S(r l -^-) (N .:-!(>> 



if u c , p c arc defined by equations: 

K)M = _ {po)M = __ 

and hj is the total transformed Hamiltonian. 

It is important to note that the constraint term 

(F^^/^^JJe^) (8.31) 

was factorized in ( 8.30| ). 

• The last step based on the identity |l6| : 

II S(X - j x ) = e"i / dt ^ e 2i / - £). 



Therefore, 



J dt^^-e^+jrj-er,) 2i J dt(Su c A<5p e ) 



DM = e~ 5 J "HJc-ec-t-jn-e^g 
x n^^ (n) (C - ^ - + ^ -jr,), (8.32) 

where 

^A^ = e e( t).^|- ej?(t ).^ (8.33) 

reflects the symplectic structure of the transformed phase space. 

We can calculate action of the operator exp{— iK(j, e)} and in result, extracting new perturbations generating 
operator exp{— iKt{j, e)}, where 

1 



we find the measure of transformed theory 

DM{X,Y) =l[d n Z(t)d n v(t)^r 



m-^-k)m- 9 -^-h)' (8-35) 



At the same time we should change in (8.6) 

e(x, t) — > e c (x, t) — Su c A Sp c . (8.36) 

The resulting theory describes perturbations in the (£, 77) phase space. 

To adopt the general definitions ( 13.34 -8.36) to our concrete problem note that our solution extracts two generators, 
To and Kq. Therefore, for invariant subspace definition we will choose, in accordance with ( 8.19| ), rji, i = 1,2. 
Other coordinates can be chosen arbitrarily. For instance, 

62+i = x 0i , r/2+i = 0, £ 5+4 = h, r)5+i = 0, i = 1, 2, 3 
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and other (£, 77) = 0. This means that u c = u c {x — XQ;£,r),l) is i = 3,4, independent. Then 



Ki 



.37) 



since there is not canonically conjugate pare for £j, i = 3,4, ... Taking into account the definition: 

Y[dX(t)5(X) = dX(0) = dX . 



corresponding measure take the form: 



F 



DM = d 3 x Q d 3 l TT d^d 2 V —8 2 (i -u- j e )S 2 (r, - j n ) 

F C 



with 



e c ( x ,t)=e ( (t)- dUc{x [ t) -e r 



dr)(t) 



dm 



(8.38) 



(8.39) 



So, the invariant subspace T*G only, with local coordinates (£, 77), is influenced by quantum perturbations. 

The measure (8.38) contains 10 degrees of freedom. But only 8 among them are independent. So, we should shrink 
the space with measure (8.38) on two units. For this purpose we would use extra factor F(£,r)) in ( (B.26 ) choosing, for 
instance, 

F(t,r,)=s(£e 5+i -i)mi(o)-m) 



Then (see Appendix E) 

We would consider < 00. Therefore, 



£ = *(?- i)5(a(o) -6(0)) 



{u c }f]d ( W 



(8.40) 



.41) 



This completes splitting of Wo onto T*G\ x M5 invariant subspace. Note, the x dependence is practically dis- 
appeared and the reduced problem looks like quantum mechanical one. This property of our approach reflects the 
Lorentz-noncovariantness of developed perturbation theory. 

One can use the perturbation theory in terms of the initial 'Lagrange' source j and conjugate to it auxiliary field 
e. In this case the formalism is manifestly Lorentz-covariant. But this formulation is 'rough', it unables to take into 
account the topology of the W space. 

• Further main results are the consequence of the statement that each term of the perturbation theory can be 
written as the total derivative over (£, 77). 



We found that 



p(q) = e -i**tf.<0 / DM\Y{q,u c )\ 2 e- iV ^\ 



.42) 



where K* was defined in fl8.3/p , DM in J8.3SD , ( j3T(i| ), V in |T|) with e t defined in ( |8.39| ) and the function u c is given 



Last integrations over (6 77) in ( p. 42 ) are trivial. To perform them we can use the shift: 

£ -> Cc = 6 + W + 6 V^Vc=V0+V; 



(8.43) 
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where (£, rf) in the r.h.s. are solutions of equations: 

i=3i, V=h- (8-44) 
The Green function of this equations g(t — t') is ordinary step function 9{t — t'), see S. 



The shift ( |S.43D gives the nonlocal operators j 7 : 

j 7 (i) = J dt'g{t-t')*i{t'l (8.45) 

where 7 = (£, 77) is the four-vector and 

Kt = \J dtdt'6(t - t')e(t) ■ j(t') (8.46) 

with four- vector e = (e^, e n ). 

The remaining integrations over (£0, tjq) are ordinary integrals with measure 

dM = d 3 x Q d 3 ld 2 £ d 2 m S{U(0) ~ U{0))6(jP - 1) (8.47) 
Introducing exp{— iK} into the integral: 

p(q)= j dMe k \T{q-u c )\ 2 e- u{u ^ ) (8.48) 



(the trivial rotation e — > — ie, e — > ie was performed) we can calculate action of the operator exp{— if} at 7 = 0. 
The operator K is linear over e. Therefore, 

p(g) = J dM: e°^y 4 \T(q- lUc )\ 2 :, (8.49) 

where 



U{u Cl j)=2glk dxdt(5u c ASp c yu c (8.50) 

where 

Su c A i5p c = j 7 A Sp c (8.51) 



and j 7 was defined in (S.45). The colons mean normal product when the operators stay to the left of functions. 



Calculating the integral over x in (8.50) we reduce our field-theoretical problem to the quantum- mechanical one 
with complicated non-polinomial potential of interactions. We plan to consider this perturbation series for more 
realistic Yang-Mills theory. 

We conclude this section noting that, using S and S, that p(q) 7^ since 

{u c }f)mfd m Wo^tt. 

9 Instead of conclusion 

Described approach is based on three 'whales'. They are (i) the definition of observables in quantum theories as the 
modulo square of amplitudes, (ii) the description of quantum processes as the transformation induced by unitary 
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operator exp{iS(x)}, where S(x) is the classical action and (hi) the unitarity condition as the principle which deter- 
mines connection between quantum dynamics and classical measurement. Less principal assumption, usually taken 
'by treaty', that the quantum perturbations are switched on adiabatically was used also. 

• To use all above fundamental principles the formalism in terms of obscrvables only was considered. We tryed to 
show that such approach is sufficiently general being able to describe a wide spectrum of experiments (without claim 
on general philosophy). Our approach should be considered as the useful technical trick (probably not unique) helping 
to calculate the observables if the nontrivial topologies should be taken into account and the corresponding physical 
vacuum is so complicated that its definition is hopeless task. 

Following points of the formalism should be picked out. Firstly, wishing to count quantum perturbations of holds 
we generalize on quantum case the postulate of classical mechanics that the initial conditions (£oj?7o) determines 
the classical trajectory tp completely, tp — p(x,t;^o,r]o). In considered examples the set of this parameters form the 
manifold Wq- Then we introduce the dynamics in the Wq space noting that the quantum motion in the Wq space 
should describe all excitations of ip since the complct set of held states {p} € Wq- The unitarity of used mapping 
guaranteed by <5-likeness of measure. This, new for quantization schemes trick, significantly simplify perturbation 
theory 

Secondly, we discovered that the motion in definite directions of the Wq space is exactly classical. This is the new 
phenomena in quantum theories. We found that Wq may decoupled on direct product of T*G subspace and R n . The 
quantum dynamics is realized in the symplectic T*G subspace of the Wq space and motion in i?"is exactly classical. 
Actually we found the generalization of the canonical quantization scheme. 

Thirdly, the analyses of the perturbation theory allows to show that the quantum corrections are accumulated 
on the boundary dWc — dT*G. Then, if {dp} f]dT*G — the quasiclassical approximation is exact. We would 
assume this phenomena as a basis of the confinement since in this case the particle creations generating functional is 
trivial. This formulation seems selfconsistent because of <5-likcncss of measure and if the above selection rule taken 
into account. 
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A Appendix 

In the CM frame we have: 

n++(qo) = n—(q ) = 



1 _ ,. , (3l + (32 S /A -i \ 

= n(\qo\ ^ )• (A.l) 



01+02 l_ I 

> — 2 — w — i 



Computing rij,- for i ^ j we must take into account that we have one more particle: 

oo 01+01 

En=l e 2 * 

+ < = ) (-9o)^^ ^t^— ' 



q a n 



V e 

Z^n=0 L 

- 6(g )(l + n(«b/?i)) + Q(-qo)n(-q (3i) (A.2) 
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and 

n-+(q ) = &(qo)h(q p 2 ) + 9(-go)(l + n{-qofc)). (A.3) 
Using ( |A.l[ - |A.3[ ) we find the Green functions (z = 1): 

G i , j (x-x',(3) = J ^e^-^G l3 (q,(3) (A.4) 

where 



2_ > / ft(^l«b|) n(/3 2 |<Zo|)a + (/3 2 ) 



+ ^-^U(ftl*l)MA) ^M) J (A ' 5) 

and 

a±(/3) = -e^ (l9ol±<Zo) . (A.6) 

B Appendix 

To show the splitting mechanism let us consider the action of the perturbation - generating operators: 

t 

2iU f dt(e h h+e e (8-l)) ... , s 

De h Dege Jc + " e -»iM«.,«.) s (B.l) 

where 

e c = e h -^- - eg-^- = (e h 9 - e e h)x c - (B.2) 
The integrals over (eh, eg) will be calculated perturbativcly: 

-if7 T (a;c,e c ) 



n rising! 



X 



fe=i fc=i 

where 

Pn h ,n g (x c , tl, t nh , ti, < n(J ) = 

n^(^)n^^) e " ic/T(xo,<) ( R4 ) 



fc=i fc=i 
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with e' c = e c (el , e' e ) and the derivatives in this equality are calculated at e' h = 0, e' e = 0. At the same time, 

n h ng n h no 



fe=i fe=i fc=i fe=i 

-2iU J c dt(j h (t)e h (t)+j e (t)eg(t)) 



xe 



The limit (jh,je) = is assumed. Inserting (B.4), ( |B.5| ) into (B.l) we find new representation for R(E): 

„ f 00 , m sf 4 ^ 9 ! L *&(t)«ft(i)+i«(t)e ( (t))) 
p(S) = 27r / cffe Jc + 

Jo 

x J DhD6e- iS< - Xa ' T) - iUT{xa ' e ^ 

x6(E + lu- h{T)) Y[ S(h ~ j h )5(6 - 1 - j ) 
t 

in which the 'energy' and the 'time' quantum degrees of freedom are splitting. 

C Appendix 

By definition Ut is the odd over e c local functional: 



V T (x c ,e c 



2 / V(e c (i)/2i) 2 "+V(zc), 

n=l 



where v n (x c ) is some function of ir c . Inserting (5.26) we find: 



where 



oo 2n+l 

-iV T (xc,&c) := TT TT : e - iv *Ml*c) 
n=l fc=o 



^,n(j^c)= / dt^(*)) 2n - fc+1 (j/(«)) fc 6fc,n(a:o) 



Explicit form of the function bk, n (Xc) is not important. 
Using definition (5.27) it easy to find: 



j(h)bk, n (x c (t2)) = S(*i - t 2 )db k , n (x c )/dX Q 
since x c — x c (X(t) + X ), see (5.23), or 



jx,xh = Qi2dx h 



(B.5) 



(B.6) 



(C.l) 



(C.2) 



(C3) 



(C4) 



since indices (k,n) are not important. 

Let as start consideration from the first term with fc = 0. Then expanding Vo,n we describe the angular quantum 
fluctuations only. Noting that dx and j commute we can consider lowest orders over j. The typical term of this 
expansion is (omitting index <j>) 

(C.5) 
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It is enough to show that this quantity is the total derivative over <po. The number m counts an order of perturbation, 
i.e. in 777-th order we have (Vo, ra ) m - 

m = 1. In this approximation we have, see (|( 

(C.6) 



3ih = 6iid 6i = d obi ^ 0. 



Here the definition (5.13) was used. 
r7i = 2. This order is less trivial: 



where 



jxhbib 2 = e 2 i6 1 6 2 + b\b\ + Quhbl 



b? = d n bi 



(C.7) 



(C.8) 



Deriving ( p.7[ ) the first equality in (5. 16) was used. At first glance ( 

1 = 612 + 621, 



is not the total derivative. But inserting 



(see the second equality in ( p,16|) ) we can symmetrize it: 



Knhb-2 = e 21 {bfb 2 + b\b\) + e 12 {hb 2 2 + b\b\) 

= d Q {Q 21 b\b 2 + Q 12 b 1 b 1 2 ) 



(C.9) 



since the explicit form of function b is not important. So, the second order term can be reduced to the total derivative 
also. Note, that the contribution (C.9) contains the sum of all permutations. This shows the 'time reversibility' of the 
constructed perturbation theory. 

Let us consider now expansion over Vfe im , k =/= 0. The typical term in this case is 



where, for instance, 
and 



hfa ■■■3ljl+l3l+ 2 ---j m b l b 2---b r , 

Jk=h(tk), jl=j<p(tk) 
j% = e 12 d* b 2 



< / < m, 



(CIO) 



(C.ll) 



instead of (|CJ). 

m = 2, I = 1. We have in this case: 



fifth!* = e 21 (6 2 a 1 a 2 6 1 + (tfbzXdffih)) 

+Qi 2 (bid^b 2 + (9 2 6 2 )(a 1 5 2 6 1 )) 
= dl{Q 21 b 2 dlb 1 + Q 12 b 1 dlb 2 ) 
+dl{Q 21 b 2 d 1 b 1 + e 12 hd^b 2 ). 



(C.12) 



Therefore, we have the total-derivative structure yet. 

This important property of new perturbation theory is con serve d in arbitrary order over m and I since the time- 
ordered structure does not depend from upper index of j, see ( C.ll ). 
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D Appendix 

The resulting measure looks as follows: 



DM(£, V ) = -^S(E - H ) J] d\d 2 V 5(f c - 



A.. 
xS(p, 



dp c 



dr c 



die 



difc 



Note that the parametrization (r c ,p c , </j c , ^ c )(£, ?y) was not specified. 
A simple algebra gives: 



The Poisson notation: 



_ dX dhj 



dpc 

dH± 

dr c 

dH, 



was introduced in (D.2). 

We will define the 'auxiliary' quantity hj by following equalities: 



Then the functional determinant A r is canceled and 



Wc,hj} 



= 0, {£ c , hj} 



dr c 
31% 
dip c 



= 0. 



DM{i, rf) = 5{E - H ) J] 



dh 

d-q 



dhj_ 



E Appendix 

Let us consider 



A F (u, P ) = J JJde(t)dt/(t)JJj(«(f J *)-« c (^e,t»)) 



x5(p(f, t)-p c (x;£,r)))F(£,r)) 
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more carefully. Let (u c ,Pc){x; £, if} are the known functions ( 8.20 ) of (£, rj)(t) and let us assume that (£,rj)(t) are 
solutions of equations: 

i = dhj/drj, f] = -dhj/dt, (E.2) 

with boundary condition: 

£i(0)=x 2 (0), (E.3) 

where 

= Hj(u C7 p c ) = h c (rj) - / d 3 xju c , p c = ii c . (E.4) 



The boundary condition (E.3) is necessary to have the 8 parametric solution of incident equation. 

It is assumed in (E.l) that one may find such functions (u,p)(x,t) that A.p(u,p) ^ 0. But we always can invert the 
problem saying that (u,p)(x,t) are chosen in such a way that the condition (E.3) is hold. So, assuming that (£,r)) c (t) 
obey the (E.3) condition, we can put 

F(£ c ,7 ? c) = F c = l (E.5) 



To perform the mapping one should insert 



C t x + 



u- u c )6(p - Pc)F(C,T}), 



where Af c was defined in (E.l) with condition flE.g) and choosing 

f (f, eta) = 6{ Xl {0) ~ x 2 {0))5(? - 1) 



(E.6) 



(E.7) 



we come to 



40| ). Note that the rati o (JE.6[ ) equal to one since (u,p) c (x; rj) are obey the equations (8.24). The 



variables (£,T))(t) should obey the eqs.(E.2) and the boundary condition is fixed by (E.7) 
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